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Abstract—'This paper is concerned with linear relay and
destination filter design methods for the multi-user peer-to-peer
amplify-and-forward relaying systems. Specifically, the relay and
destination filter sets are developed which minimize the sum
mean-squared-error (MSE). We first present a joint optimum
relay and destination filter calculation method with an iterative
algorithm. Motivated by the need to reduce computational com-
plexity of the iterative scheme, we then formulate a simplified sum
MSE minimization problem using the relay filter decomposability,
which lead to two sub-optimum non-iterative design methods.
One is based on zero-forcing channel-inversion and the other
on minimum-mean-squared-error channel-inversion. Finally, we
propose modified destination filter design methods which require
only local channel state information between relay and a specific
destination node. The simulation results verify that, compared
with the optimum iterative method, the proposed non-iterative
schemes suffer a marginal loss in performance while enjoying
significantly improved implementation efficiencies.

I. INTRODUCTION

To improve the capacity and/or expand the coverage of
wireless networks, multiple-input multiple-output (MIMO)
wireless communication systems assisted by an amplify-and-
forward (AF) relay have been extensively studied [1]-[13].
While such MIMO AF-relay-assisted schemes were originally
developed with a single source, relay and destination in mind
[1]-[3], the growing interest in the broad potential applications
of wireless ad hoc networks has motivated increasing research
efforts in developing efficient cooperative communication
schemes for multi-user peer-to-peer wireless relay networks
[4]-[13].

In such multi-user peer-to-peer wireless relay networks,
transmit-power-minimizing relay design methods with quality-
of-service have been studied in multiple relay models [4]-[6].
Taking into account synchronization and channel information
exchanges between relays, single MIMO relay schemes which
are modelled by a multiple-antenna relay or a collection of dis-
tributed antennas that are wired together become advantageous
over schemes that consist of multiple independent relays [7].
For such a multi-user single MIMO relay system, transmit-
power-minimizing relay design methods with an signal-to-
interference-and-noise ratio (SINR) constraint have been in-
vestigated [8]-[10], and sum-rate-maximizing relay design
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methods have been proposed with zero-forcing (ZF) beam-
forming [7] and block-wise channel decomposition [11]. As
an alternative design criterion, the mean-squared-error (MSE)
in symbol estimation can be used to guarantee communication
link reliability. For single-antenna multi-user (where each
source-destination pair is equipped with one transmit antenna
and one receive antenna) wireless relay systems, sum-MSE-
minimizing relay design methods have been proposed [12],
[13]. Specifically, the authors of [12] have proposed a joint
relay and destination filter design method with an iterative
algorithm, and the authors of [13] have studied separate relay,
source and destination filter design methods.

In this paper, we consider multiple-antenna® multi-user
systems with a single MIMO AF relay. We provide sum-MSE-
minimizing linear relay and destination filter design strategies.
We first develop a joint optimum relay and destination filter
design method. Due to the non-convexity of the joint opti-
mization problem, we propose an iterative method which is
guaranteed to converge to a local optimum point. Compared
with [12], where the relay precoder has been calculated with
an interior-point method which does not provide an analytical
solution, we provide an analytical solution with Karush-Kuhn-
Tucker (KKT) conditions. Furthermore, in an effort to reduce
the computational complexity of the iterative method, we also
pursue non-iterative methods. For this, we formulate a simpli-
fied sum-MSE-minimizing problem exploiting the minimum-
mean-squared-error (MMSE) relay filter decomposability. Be-
cause the cross-link interference from relay to destination
nodes makes it difficult to find analytical solutions, we adopt
a general channel inversion method used in the multiuser
broadcast channel [14]. Then we find a zero-forcing channel-
inversion (ZF-CI) based a non-iterative sub-optimum precoder
design method. To improve the low-to-mid signal-to-noise
ratio (SNR) region performance, we also suggest a minimum-
mean-squared-error channel-inversion (MMSE-CI) based non-
iterative method. Besides, to avoid the global channel state
information (CSI)? requirement for MMSE destination filters,
we provide modified destination filter design methods relying
only on the local CSI, the channel information from relay to

2

2Compared with single-antenna multi-user systems in [12], [13], multiple
antennas support spatial multiplexing between each source-destination pair

3Cascaded channel information from all source nodes to a specific desti-
nation node via relay
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Fig. 1. Multi-user peer-to-peer MIMO AF relay system

a specific destination node. Through numerical simulation, we
verify the bit error rate (BER) and sum MSE performance
of the proposed schemes. Also, we confirm that the proposed
non-iterative method, specifically the MMSE-CI-based sub-
optimal scheme, suffers little performance loss at all SNR
values in comparison with the optimal iterative design method.
In addition, we confirm that the local-CSI-based modification
to the destination filters does not induce any noticeable per-
formance loss.

The following notations are used. We employ upper case
boldface letters for matrices and lower case boldface letters
for vectors. For any general matrix X, X7, X*, X, Tr(X),
SVD(X), Blkdiag[{X;}], [{Xi;}] denote the transpose, the
conjugate, the Hermitian transpose, the trace, the singular
value decomposition of X, the block diagonal matrix with
{X;} as its diagonal matrix block, and the block matrix with
X,; as the (4,7)-th element matrix block, respectively. The
symbol || - ||, indicates the 2-norm of a vector. An identity
matrix of size n is denoted by I,.

II. SYSTEM MODEL

We consider multi-user peer-to-peer MIMO AF relay sys-
tems where there are K source-destination terminal pairs and
a single relay node as shown in Fig.l. Here, the source,
destination and relay nodes are equipped with N,, Ny, and
N, antennas, respectively. In this system, the k-th source
node Sy (k = 1 ~ K) wants to send information to the
k-th destination node Dy, and the relay node R helps the
communication between each pair. Here we assume that there
is no direct link between the source and destination nodes
due to a relatively large path loss compared to the links via
relay. We consider a spatial multiplexing system in which
each source node transmits M = min(N,, N;) data streams
simultaneously (meaning that the number of total transmit data
streams is K M). To process KM data streams at relay, we
assume N, > K M. The MIMO channels from S;, to R and
R to D, are modelled by Hy, € CN**Ns and G, € CNa*Nr |
respectively. The transmit signal vector x; € CV=*! satisfies
E{x.x'} = 02 Iy, and 02 ; = Py /N.. For compact presen-
tation, we assume that all source nodes have equal transmit
power, i.e., P, = P V k. Note that it is straightforward to
consider extension to the unequal transmit power case. In the
first time slot, K source nodes {Sj} transmit their signals
{x} to the relay node simultaneously. The relay node receives
a signal vector r € CV*1 as given by r = Zfil H;x; + n,
where n, denotes the complex Gaussian noise vector with

zero mean and E{n,nf} = %Iy . In the second time slot,
the relay node multiplies the received signal r with a relay
filter F € CN~*Nr. Then, the relay node transmits a signal
vector given by x,, = Fr = Zz . FH;x; + Fn, where the
transmit power constraint at the relay is expressed as

K
Tr(F(Z S2HHT + O'EINT)FH) — Pg, (1)
=1

with Pr denoting the maximum relay transmit power. Finally,
the received signal vector at Dy, is expressed as

yi = GFHix; + Y GyFHx; + GyFn, +n;  (2)
itk
where ny is the complex Gaussian noise vector with zero mean
and E{n;nf} = o21y,. Applying the receive filter D) €
CNs*Na the estimated signal %; at Dy, is expressed as

X = DG FHx+Dyg Z G FH;x;+D;GiFn,+Dyny.
itk
3)

III. ITERATIVE FILTER DESIGN

In this section, we investigate the optimum relay and
destination filters in terms of sum MSE minimization, first
assuming that both {H} and {Gy} are known perfectly at
relay as well as at destination nodes:

{{D 1, F*} = arg manTr 4)

subject to Tr(F(Z aiHiHZH + O'?INT)FH> = Pp
i=1

where E; is the error covariance matrix as given by E; =
E{(x; — %;)(x; —%;)7}. It is easy to verify that this problem
is strictly convex with respect to each of F and Dy V k,
although it is generally non-convex in the joint optimization
perspective. Therefore we propose an iterative method that
successively optimizes one of Dy V k£ and F while fixing the
others.

At first, for given F, the optimum receive filter at Dy (5)
is simply derived from (4). Likewise, for given {Dy}, the
optimum relay filter can be derived. To convert (4) into an
unconstrained minimization problem, let us denote F = ﬂF,
where [ is defined as

P
B= | ——— - — (6
Tr(F(CL, o2HHY + 021y, )F )

Then we substitute SF for F in the objective function of (4).
Now the problem of computing the optimum filter matrix can
be written as

K
F =arg minZEﬂxi - B7'%|13 )

=1

K
subject to BQTr(F(Z o?H; I + 021y )FH) = Py

i=1
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From the KKT conditions [15], the solution of (7) is repre-
sented as (8), and F* = ,BF* can be obtained with (6).

With the above {D3} and F*, we propose an iterative
algorithm for solving (4). Note that even though Algorithm 1

Algorithm 1 Obtaining optimal relay and destination filters

Set | = 0. Initialize F with an arbitrary N, X N, matrix.
Calculate {Dy} with the initial matrices.
repeat
l:=1+1
Step 1: Update 8 and F with (6), (8).
Step 2: Update {Dy} with (5).
Step 3: Calculate SMSE(;) (= Zfil Tr(E;)) with the
updated matrices.
until [SMSE ;) —SMSE(;_1)| < €, where € is the arbitrarily
small value.

cannot guarantee the global optimal solution due to the non-
convexity of the minimization problem (4), a local optimum
point can be found. Also Algorithm 1 is provably convergent
(proof will not be given due to the space limitation).

IV. NON-ITERATIVE FILTER DESIGN

Compared to the above iterative relay and destination filter
matrix identification method, non-iterative methods are com-
putationally efficient. In this section, we pursue non-iterative
filter design methods.

A. Simplified optimization problem

Lemma 1: For given {Dj}, the optimum relay filter F*
for minimizing the sum MSE has the following form: F* =
Zszl By Wy, where B;, and W}, are computed as follows:

K
-1
B, = (ZGfoDiGi + AINT) GEDH (%)
i=1
K 1
Wi =H (Y HH/ +
j=1

2
oolv) (9)
where )\ is the Lagrange multiplier to satisfy the relay transmit
power constraint.

Proof: Proof will be given elsewhere due to space limi-
tations. [ |
Note that Lemma 1 is the generalization of [16] in the single-
user MIMO AF relaying systems to the multi-user peer-to-peer
MIMO AF relaying system.

With MMSE receive filters {D;} and Lemma 1, sum
MSE in (4) can be rewritten as (10) below (see Ap-
pendix A for derivations), where Y; = BH GH G,;B with
B = By, ,Bg], W = [Wf ... WEIT and R =
(R} = o2W(L,l, HHI + ;IN JWH, Ry =

Wi (S, HHE + By )WY i j € {1 ~ K}. Note
that because the first summation term on the right hand side
of (10) depends only on the source to relay channels {H;},
it needs not be considered during optimization. Now the
simplified optimization problem of (4) is formulated as (note
that we presume MMSE destination filters {D} }):

K
mBinZTr(HfWHR R +0,°Y,) 'RT'WH,)
i=1
subject to T BRBY) = Pp. (11
The power constraint of (11) has been arranged
as Tr(F(zf LOPHHE 1 g2y )FH) =

Tlr(BW(ZZ L02H; HH + 021y, )WHBH) = Tr(BRBY).
The analytical optimal solutlon to this problem is difficult to
derive due to the cross-link interference from the relay node
to the destination nodes; we resort to efficient sub-optimal
approaches.

B. ZF-Cl-based suboptimum strategy

To eliminate the cross-link interference from the relay
node to the destination nodes, we make the blockwise for-
ward channel splitting, ie, G;B; = 0 (i # j € {1 ~
K}), assuming B; = QWM™ vi, where Q™ ¢
CN-*Ns forms an orthonormal basis for the null space of
GT,--- ,GT | ,GL,,--- ,GE]T, and M) e cNoxNe s
the post-processor to be o })tlmlzed As in the generalized
ZF-CI method in [14], can be obtained from QR-
decomposition, GEZF) = QEZF)TEZF) ¢, where Tl(.ZF)
is an N, x N, upper-triangular matrix, G (GGH)™1 =
[G(lz}:), e ,G(I?F)], and G = [GT ... /GL]T. For ease of
derivation, we approximate R =~ I, *. Then the modified
objective function is written as (12) below (see Appendix B
for derivations), where WH;CH,CHVVH = [{C(k)}}, Cz(»f) €
CNs*Ns and i,j € {1 ~ K}. Because the first summation
term in (12) is irrelevant to {MEZF) }, the optimization problem

c CNT‘XN

4Our simulation results indicate that this approximation is reasonable.
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K K K
S T(E:) =) olTr(Iy, — s Hf WHRT'WH,) + > ot Ti(H W/R™(R™ + 0,°T,)'R™'WH,) (10)
=1 =1 =1
H H
min {ZTr{C }+TH{C Iy, + oM QI 6l G M) 1y (12)
{M }z 1 VED)

(12) is simplified as:

ZTr{C(z Ty, + o72M 2PN ) -1y

min
(M} 2
K H
subject to »_ Tr(R;; M M) = P, (13)
i=1
where 270 2 Q™" g1 G,Q™.
Now in order to decouple the block channel = '—(ZF) into

N, parallel sub-channels, the singular value decomposmon of
=(

7F) .
=, ) is computed as

SVD(E@) = U APy (14)

1/2
Then, employing MEZF) = UEZF)I‘gZF)/ without
loss of generality, the power loading  matrix
I = diag(v 7", ,4\%)) is the only optimization

parameter. Finally, the optimization problem (13) is rewritten
as:

ZTr{C( (I, + o2 AT -1

min
(E )
subject to ZTr(RiiI‘EZF)) = Pg. (15)
i=1
This problem can be solved with KKT conditions. De-

noting ¢;; and p;; as the j-th diagonal elements of
ng) and R;;, respectively, we obtain the optimal solution
ZF ;
’71(] ) = max 2)\(”) - —21)\(ZF)70)’ where N(ZF)
d ij

is the water level chosen to satisfy the power constraint
ZZ 12 1P ZﬂijZF) = Pg and /\Z(-JZ-F) is the j-th diagonal
. Then from Lemma 1, the ZF-Cl-based
suboptimum relay filter F(“F) = Zszl B;ZF)W;C is given by
BI(CZF) _ Q](CZF)UECZF)I‘;CZF) 1/2.

C. MMSE-CI-based suboptimum strategy

Due to the complete suppression of cross-link interference
at the expense of noise enhancement, performance degrada-
tion of the ZF-Cl-based strategy at the low-to-medium SNR
region is inevitable. To improve the low-to-mid SNR region
performance, in this subsection, we investigate the MMSE-
CI strategy. Similar to the ZF-Cl-based scheme, we assume

= QMMSEINIMMSE) vi where QMSE) s obtained

from QR-decomposition, GEMMSE) = QZ(-MMSE)TEMMSE). To

reduce the effect of noise, we set G#(GGH + oI)~! =
[GMMSE) L GMMSE) ith o chosen as Ko2/Pg [17].
Unlike the ZF method, B; (= QEMMSE)MEMMSE)) constructed
by a linear combination of QEMMSE) generates residual inter-
ference. These residual interference makes it difficult to find an
analytical solution. For deriving an MMSE-CI-based solution,
we assume a high SNR regime, i.e., GiQEMMSE) ~0 (#j)
3. Then the MMSE solution is given by

K
. H

1=1
K H
subject to »_ Tr(Ry; MM MMy — pp (16)
=1
H
where EMMSE 2 QMMSETGHG, QIMMSE)  Thig

problem is identical to (13) if MZ(.MMSE)
are replaced by MEZF) and QEZF), respectively. The
MEMMSE) UEMMSE) r EMMSE) 1/2

and Q Z(MMSE)

optimum solutions
are derived in the same way as in the ZF-CI method
using SVD(EEMMSE)) U(MMSE) A(MMSE)UEMMSE)

= ; ,
(MMSE) (MMSE) MMSE)

r, = diag(vy;; YN, ), and
(MMSE) cn 1

Y = max — - — 0
) (MMSE) o] 2/\52{1MSE) oy 2)\$AMSE) ) s

where ,u(MMSE) is chosen to satisfy the power constraint

SR SN 0 M = Proand AD™) s the jth

diagonal element of A(MMSE) In the end the MMSE-CI-

based suboptimum relay filter F(MMSE) — Z B(MMSE)W
1/2

is found with B](€MMSE Q MMSE)U(MMSE)I"(CMMSE)

D. Modified destination receive filters using only local chan-

nel state information

After finding the suboptimum relay filters, the correspond-
ing destination filters can be found with (5) by replacing F
with the corresponding suboptimum relay filters. We note,
however, that to find the destination filters with (5) requires the
global channel state information (CSI) at the destination node,
corresponding to all cascaded channels from all source nodes
to the relay and from relay to corresponding destination nodes.
This global CSI requirement is undesirable due to an increased

5 According to the simulation results, the MMSE-CI method with a high
SNR assumption indeed shows considerable performance improvements at
the low-to-mid SNR region.
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system overhead such as pilot signals. We now provide a
modified destination filter design method which requires only
the local CSI associated with the relay-to-destination paths.
For the MMSE receiver in (5), we can obtain a simplified
form with the following Lemma.

Lemma 2: Given the optimal relay processing matrix F* =
BW and the R ~ I assumption, the MMSE receiver at the
destination (5) can be simplified as

P =H{WIB"G]G;B +0jly,) 'BYG]  (17)
Proof: Proof will be given elsewhere. [ |
Note that Lemma 2 also represents the generalization of the
method of [16] to multi-user systems. When the ZF-CI-based
suboptimal relay filter is applied, we can obtain a modified
receiver using the following Lemma.
Lemma 3: For (17), using the ZF-Cl-based relay filter
F) = 3K BPW, we obtain the following modified
receiver:

D = B GHEGB +o31Iy,) BV G (18)

Proof: Proof will be given elsewhere. ]

For the MMSE-Cl-based relay FMMSE) =

ZiK:I BEMMSE)Wi, the modified receiver can be written
as

D](CMMSE) :(BI(CMMSE)HGkHGkB](CMMSE) 4oy )t
x BMMSEIA I, (19)
Lemma 3 indicates that the destination node does not need
to know the channel information {H;} for source-to-relay
paths. In other words, for the proposed suboptimal relay
processor design, each destination node needs to know only the
local CSI corresponding to its own link. Table I summarizes
the required CSI at each nodes including relay node.

Relay node Dest. node

Iterative method in section III {H;}. {G;} H,;}, G

Sub-opt. relay with MMSE receiver | {H;}, {G;} H,;}, G
Sub-opt. relay with modified receiver | {H;}, {G;} By, Gk

TABLE I
COMPARISON OF THE REQUIRED CST AT THE RELAY NODE AND THE k-TH
DESTINATION NODE

V. SIMULATION RESULTS

In this section, we present the numerical results of the
proposed schemes in terms of BER and sum MSE. For
all simulation runs, we assume spatially uncorrelated flat
fading MIMO channels of which elements are generated
by independently and identically distributed (i.i.d.) complex
Gaussian random variables with zero mean and unit variance.
The average received SNRs at the source-relay link and the
relay-destination link are defined as SNRgg = P; /af and
SNRrp = PR/Jg, respectively. We assume that K = 3,
Ns = Ng = 2, N, = 6 and SNRgg = SNRgp = SNR. We
initialize the iterative method with a power-scaled (to meet the

] - X - lterative opt.
4. ‘,‘ = B - ZF-Cl based sub-opt.
g"“ N 4+ ZF-Cl based sub-opt. with mod. rec.
E W~ S, - e— MMSE-CI based sub-opt. 1
W 51\ ... % MMSE-CI based sub-opt. with mod. rec,
350 Y 1
&
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Fig. 2. Sum MSE comparisons between the iterative method and the
two non-iterative methods

<,
N

~

s|| = X = lterative opt. K

- B - ZF-Cl based sub-opt. ~

-+ ZF-Cl based sub-opt. with mod. rec.

- e— MMSE-CI based sub-opt.

. % MMSE-CI based sub-opt. with mod. rec|

0 5 10 15 20
SNR [dB]

Fig. 3. BER (uncoded) comparisons between the iterative method
and the two non-iterative methods (QPSK modulation)

transmit power constraint) random matrix for the relay filter.
Fig. 2 shows the sum MSE performance. Note that the MSE
curves are obtained after normalizing the MSE by 2. Clearly
the iterative scheme outperforms the two non-iterative schemes
because in the iterative scheme the relay has no structural
constraint such as ZF-CI or MMSE-CI. Nevertheless, it can
be seen that the sum MSE of the ZF-Cl-based non-iterative
method converges to that of the iterative method as SNR
increases. Also the performance of the MMSE-CI-based non-
iterative method is close to that of the iterative method in the
entire SNR range. The uncoded BER performance comparison
of iterative and non-iterative schemes in QPSK constellation
are presented in Fig. 3. From this plot, we can also check that
the MMSE-CI-based scheme exhibits a marginal performance
loss, although the ZF-IC-based scheme shows about 3 dB
loss at an uncoded BER of 1072, It is also worth noting
that in the local CSI situation at the destination, the proposed
designs leading to the modified receiver nearly achieve the
performances of the MMSE receiver that requires global CSI.
We also note that the approximation R =~ I, is strongly
validated in the sense of the sum MSE and BER performances.
From Figs. 2 and 3, we can confirm that the proposed non-
iterative methods, especially the MMSE-CI-based scheme,
nearly achieves the performance of optimum iterative schemes.
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VI. CONCLUSION

In this paper, we have studied linear filter design methods
for the multi-user peer-to-peer MIMO AF relay system. First,
an iterative joint optimum relay and destination filter design
method has been developed. Then, two sub-optimum strate-
gies have been proposed, which could be implemented non-
iteratively. Also, modified destination filter design methods
requiring only the local CSI have been presented. Through
numerical simulations, we have demonstrated that the perfor-
mances of the proposed non-iterative methods approach that
of the iterative optimum scheme. The proposed sub-optimum
methods have clear advantages in terms of computational
complexity and CSI requirements.

APPENDIX

A. Derivation of the simplified sum MSE

Applying the MMSE receive filters {D}}, the sum MSE
(4) can be represented as:

K
3 agTr{INS —HIFHGH (G, FHHIFHGH
=1

+N;)"'GiFH, }, (A1)

where N; = ZJI;Z

G.FHHIFIGT + %G FFIGH +
Z—gINd. Using Lemma 1,

1 2
G, FHH'F’GY + N, = G,BRB”G/ + Zi1,
O-flf OIE
(A2)

where B and R are the same as in subsection IV-A. Applying
(A.2), the sum MSE (A.1) is rewritten as

K
3 aiTr{INS ~HI{WHBHGH(G,BRBY G/

=1
+ oflINd)‘lGiBWHi}. (A3)

With the Woodbury identity [18],

(G;BRBYGF +52Iy,)7!
-0;'GB(R +0,’B¥GIG,B)'B¥G/,
(A.4)

_ =2
—O'd INd

the sum MSE (A.3) reduces to (10).

B. Derivation of the modified cost function (12)

With the approximation R ~ I, the objective function of
(11) is simplified as:

K
> TrHIWH (Iy, +0,°BYGI'G,B)"'WH,) (A5)

i=1

From the fact that GiQE-ZF) =0 @G # j), GB =
0, .8, ,0] where Q; 2 G, Q™M)
(Iy, + o;°B7GHGB) ™
= (In, + o *Blkdiag[{0,--- ,Q/'€;,--- ,0}])
— Blkdiag[{In,,-- , (In, + 0,2Q7Q,) -+ [ In.}]
(A.6)

With (A.6), the modified cost function (12) can be obtained
from (A.5).

-1
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