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Abstract—In wireless distributed computing systems, mobile
devices that are connected wirelessly to the Fog (e.g., small
base stations) collaboratively solve a given computational task.
Unfortunately, wireless distributed computing systems suffer
from packet losses due to severe channel fading. Moreover,
a wireless device can drop out of the system when leaving the
coverage of a master node in the Fog layer. We model this
unreliability between a device and a master node as a packet
erasure channel. When a packet fails to be detected at the
receiver, the corresponding packet is retransmitted, which would
significantly increase the overall run-time to finish the task.
We take a coding-theoretic approach to tackle this straggler-
like problem in wireless distributed computing. We first inves-
tigate the expected latency using an (n, k) maximum-distance
separable (MDS) code. We obtain the lower and upper bounds
on the latency in closed forms and provide guidelines to design
MDS codes depending on the channel condition characterized
by packet erasure probability. Then, we introduce another
important performance metric called minimum latency, and also
provide guidelines on designing optimal codes. Based on optimal
codes, we obtain the performance curves of achievable minimum
latency and achievable workload as functions of packet erasure
probability.

Index Terms— Coded computation,
computing, packet loss, straggler.

wireless distributed

I. INTRODUCTION

HE number of mobile and Internet of Things (IoT)
devices is currently growing at an explosive pace. Billions
of these devices residing at the wireless edge are valuable
potential resources for solving large-scale computational tasks.
Thanks to the proliferation of these computing devices at the
wireless edge, there has been increased interest in wireless
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distributed computing systems [2]—[7]. Mobile and IoT devices
that are connected wirelessly to the Fog (e.g., small base
stations) can collaboratively solve large-scale computational
tasks. After finishing computing, these computing devices send
their computational results to the master node in the Fog layer.
More recently, mobile devices at the wireless edge are utilized
for training neural networks in federated learning [8]-[10].

Although wireless distributed computing is receiving sig-
nificant attention nowadays, there still exist some bottlenecks
to overcome. First, there are packet losses due to channel
fading of wireless networks, which require retransmission of
the packet until successful reception. This can cause significant
delay in communication time, resulting in a severe form of
straggling. Moreover, a mobile node can drop out of the system
when leaving the service area of the Fog or due to blackout,
which also causes unpredictable delay in finishing the task.

Regarding this straggler issue, many researchers addressed
the problem in cloud computing scenarios. The authors of [11]
proposed a new framework called coded computation, which
uses maximum-distance-separable (MDS) codes to provide
redundancy in distributed matrix multiplications. The (n, k)
MDS code has the property that any & out of n encoded results
can recover the original k£ data. This property of MDS code
has a significant advantage in handling stragglers; even though
any information regarding the straggler nodes are not known
(e.g., the locations of stragglers), the master node can simply
decode the result after receiving any k results from the fastest
k workers. By applying the MDS code, it was shown that
total computation time of the coded scheme can achieve an
order-wise improvement over the uncoded scheme.

Since then, coded computation has been applied to various
other distributed computing scenarios. Coded distributed com-
puting schemes for high-dimensional matrix multiplication are
proposed in [12], [13], and the use of short dot product
for computing large linear transforms is proposed in [14].
In [15]-[20], novel coding schemes are proposed targeting
distributed gradient descent. Codes for convolution and Fourier
transform are studied in [21] and [22], respectively. The use
of rateless codes are studied in [23], [24] for improving load
balancing in distributed computing systems. In [25], [26],
the authors proposed a scheme to exploit the work completed
by stragglers, by sequentially allocating multiple encoded tasks
to each worker.

Mitigating the effect of stragglers in more practical set-
tings is also being studied in recent years. The authors of

1536-1276 © 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Korea Advanced Inst of Science & Tech - KAIST. Downloaded on December 22,2021 at 02:48:15 UTC from IEEE Xplore. Restrictions apply.


https://orcid.org/0000-0003-2970-7336
https://orcid.org/0000-0002-8741-1405
https://orcid.org/0000-0003-0993-5788

HAN et al.: CODED WIRELESS DISTRIBUTED COMPUTING WITH PACKET LOSSES AND RETRANSMISSIONS

[27], [28] proposed schemes for speeding up distributed matrix
multiplication over heterogeneous networks, where a variety
of computing machines coexist with different capabilities.
In [29], a hierarchical coding scheme is proposed to combat
stragglers in practical distributed computing systems with
multiple racks. Codes are also introduced in various studies
targeting data shuffling applications [3], [30]-[35]. However,
the previous works listed above do not consider the packet
losses caused by channel fading in practical wireless networks.
This limits the previous works on coded computation to be
applied in wireless distributed computing systems that are
receiving significant attention nowadays.

A. Main Contributions

In this paper, we consider a straggler problem for computing
matrix-vector multiplication in wireless distributed computing
setup. Compared to all existing works, our model reflects
packet losses, a critical issue in wireless networks with channel
fading. The transmission failure at a specific worker neces-
sitates packet retransmission, which would in turn increase
the overall run-time to finish the task. Even when a worker
finishes its computation early, it can still become a straggler
by communication time delay. Moreover, with limited number
of retransmissions at the computing devices, the master would
face an even bigger challenge to collect timely results from
the workers as retransmissions for overcoming packet losses
are limited. A reliable solution to deal with these problems is
in great need for wireless distributed computing.

Our approach is to first separate the run-time at each worker
into computation and communication time. In analyzing the
communication time, we model the links between the master
node and worker nodes as packet erasure channels, as justified
by the packet losses frequently observed in wireless networks.
We analyze the expected latency in this setting using an
(n, k) MDS code, which has significant advantage in handling
stragglers due to the MDS property. We obtain the lower and
upper bounds on expected latency in closed-forms. Based on
the bounds, we provide guidelines to design the MDS code
depending on the channel condition characterized by packet
erasure probability e. We consider two scenarios here. The
first is to find the appropriate load at each worker (optimize k)
when the number of available workers n is given, as in
the previous works. The second scenario especially targets
environments of the wireless edge with a massive number of
IoT devices with small storage space. In this setup, the number
of available workers are sufficiently large and we find the best
n when there is a limit on the storage space at each worker.
For the special case with k set to maximum (when each node
computes a single inner product), we show that the expected
overall run-time can be obtained by analyzing the continuous-
time Markov chain with its transition rate given as a function
of packet erasure probability e.

Then, we introduce another performance metric minimum
latency, which can be a telling metric for wireless networks
where packet losses can create a long tail in the probability of
completion time. Based on the minimum latency, we provide
guidelines on designing the optimal MDS codes. We also
consider a setup where the number of retransmissions is
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limited to avoid unacceptable time delay or due to bandwidth
constraint at the devices. In this setup, we obtain achievable
performance curves of minimum latency as a function of
packet erasure probability. Moreover, for given constraints on
minimum latency, we find the maximum amount workload that
the current system can handle.

B. Related Works

We first note that the authors of [36] considered packet
losses in the context of distributed storage systems. For distrib-
uted computing, the initial work on coded computation [11]
optimized k of an (n, k) MDS code to minimize the expected
latency. However, in the delay model of [11], the computation
time and communication time are not separated, and thus could
not reflect the packet losses that are a fact of life in practical
wireless networks with channel fading.

Only a few prior works on coded computation [37], [38] did
consider both the computation time and communication time.
However, the works of [37], [38] assume a constant communi-
cation time, and thus do not reflect wireless environments with
packet losses. The slowdown during communication is not
considered at all. Compared to the settings in [37], [38], in our
work, packet losses and retransmissions are taken into account.
Our unique contribution is the design of codes that is tailored
to the channel condition, i.e., packet erasure probability e.
Analysis on the effect of limited number of retransmissions at
the computing devices is also important and is unique to our
work.

Organization: The rest of this paper is organized as follows.
In Section II, we describe the master-worker setup in wireless
networks with packet losses. Expected latency analysis is
performed in Section III. Then in Section IV, we analyze
minimum latency under the setting of limited number of
retransmissions. Finally, concluding remarks are drawn in
Section V.

Notation: We denote the set {1,2,...n} by [n] for n € N,
where N is the set of positive integers. We also denote
the k™ order statistics of n independent random variables
(X1, Xo,... X,) by X(1). We denote f(n) = O(g(n)) if there
exist ¢y, c2,no > 0 such that Yn > ng, c1g(n) < f(n) <
cag(n).

II. PROBLEM STATEMENT
A. Wireless MDS Coded Computation

We study a matrix-vector multiplication problem, which
is a key computation in many machine learning algorithms.
Given a matrix A € R™*4 the goal is to obtain y = Ax
for an arbitrary input vector x € R*!, using n distributed
worker nodes and a single master node. We apply coding to
combat stragglers in distributed computing; the matrix A is
first divided into %k submatrices to obtain A; € R% *¢ for
i € [k]. Then, an (n,k) MDS code is applied to construct
A; € R%*4 for i € [n], which are distributed across the
n worker nodes (n > k). Now given an arbitrary input x,
the master node broadcasts x to all workers, where each
worker ¢ computes A;x and sends the computed result to
the master. By receiving any k out of n results from {Aix}?zl,
the master node is able to recover the desired result Ax.
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We especially focus on wireless networks where mobile/IoT
devices serving as worker nodes are connected wirelessly
to a master node in the Fog layer. The rationale for this
setting comes from the recent proliferation of mobile/IoT
devices at the wireless edge, which are regarded as valuable
computing resources. The workers use orthogonal channels
for transmissions so that the signals sent from the workers
can be detected at the master without interference. Due to the
channel fading in wireless networks, the communication time
delay caused by packet losses should be taken into account.

B. Computation and Communication Time Model

We assume that the required time at each worker to compute
a single inner product of vectors of size d follows a shifted-
exponential distribution with rate p7 and shift 6;. Since m/k
inner products are computed at each worker (for comput-
ing A;x at worker i), similar to the models in [27], [37],
we assume that X;, the computation time of worker ¢ follows
a shifted-exponential distribution with rate kuq/m and shift
mby /k:

Pr[X’L S t] =1- eiﬁul(ti%el). (1)

After computing the given task A;x, each worker ¢ transmits
its computed result to the master using packets. We assume
that each packet contains 3 inner products, which means that
there are % packets to be transmitted at each worker. The mas-

ter successfully obtains A;x when all packets corresponding to
worker ¢ are received at the master. Channel coding is applied
at each packet before each worker 7 sends the packets for
A;x to the master. Here, although the workers see independent
channels, the channel-state information is assumed to be not
known at the worker-side. Thus, in implementing the channel
codes, the code lengths (or packet lengths) are fixed for
all workers to a same specific value. Due to the channel
coding, a specific packet is either successfully decoded at
the master or totally dropped by decoding failure. We model
such decoding failures of packets as packet erasure channels
with a fixed erasure probability e. When a packet fails to be
detected at the master (with probability ¢), the corresponding
packet is retransmitted. Otherwise, the worker transmits the
next packet to the master. The work is finished when the
master successfully detects the results of &£ out of n workers.
The system model is described in Fig. 1 with n = 3, k = 2.
The communication time' for the j® transmission of the 7"
packet at each worker, Y ,., is modeled as a shifted-exponential
distribution (as the same as the communication time model
in [29]) with rate puo and shift parameter 65 as follows:

Pr[Yj, <t] =1— e r2(t=02) )

Since each worker transmits ;% packets, the total commu-

nication time at worker i, denoted by S;, is written as

m
kB ”

N,
Si=>_ Y Y, 3)

r=1j=1

The communication time also includes the delay for decoding each packet
at the master.
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Master
A
. Packet loss
Worker 1 Worker 2 Worker 3
I I I
A x (o, (WA A)X
I I I
Fig. 1.  The master-worker framework with n = 3 and £ = 2. Each

square represents a packet, which are transmitted through a packet erasure
channel where the links are independent for each user. For an arbitrary input
x, the master can obtain Ax by receiving any k = 2 out of n = 3 results
from {A;x}3_,, where A1 = A1, Ao = Ay, A3 = Ay + As.

=1

where N, is the number of transmissions for packet » which
follows geometric distribution with success probability 1 — €,
ie, Pr[N, = I] = (1 — e)éi~L. Here, Zj\]:l Y;, is the
communication time for retransmitting a specific packet until
success. The communication time at each worker is obtained
by summing up this value for all different packets, which
results in (3). This model fully reflects the communication
time delay caused by packet losses in wireless networks.

We note that instead of discarding the failed packet at the
master, one can also think of a scheme that stores the received
packets and combine them with the newly retransmitted packet
for decoding. This means that the retransmission probability
is no longer equal to the packet erasure probability €. The
retransmission probability now decreases as the number of
retransmissions for a specific packet increases, which leads
to a totally different problem setup. Considering this kind of
setup is an interesting topic for future research.

C. Problem Formulation

We define the overall run-time of the task as the sum of
computation and communication time to finish the task. Now
the overall run-time using an (n, k) MDS code is written as

T = k"min(X; + S;), 4)

i€[n]

which represents the k™ smallest value among n values of
{X; + S;},. For a given set of system model and channel
parameter values (u1, f2,61,602,€), we are interested in the
following questions. For a given system workload m, what
are the best values of (n,k)? As in many previous works,
the number of workers n could be a given system parameter,
in which case the quest is to find the best k£ value. However,
in wireless networks where a number of low-cost mobile/IoT
devices coexist, each computing device can have limit on
the storage space but the number of available devices is
sufficiently large. Hence, we also consider the case for finding
the best n, for a given constraint on m/k (i.e., constraint on
k with fixed m).

A natural metric is to minimize the expected latency E[T']
as done in [27], [37]. The expected latency can also be
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normalized by (m/k)n, the total amount of computational
burden of the system. If we increase k, the computational
burden at each node m/k decreases which decreases (m/k)n.
Moreover, (m/k)n increases as the number of workers n
increases. For a given workload m, this value is minimized
when k = n, which is the case for the uncoded scheme. This
value happens to be the inverse of the code rate R = k/n,
and one may sometimes wish to minimize the R-normalized
expected latency E[T']/R instead of E[T].

While mathematical analysis is often possible on E[T],
making it a convenient choice as the key performance metric,
the expected latency alone may not be a sufficiently telling
metric, especially for wireless networks where packet losses
can create a long tail in the probability distribution of 7.
We thus introduce another metric called minimum latency
beyond which the system would experience with only a small
probability. Especially in scenarios of having limited number
of retransmissions at the computing devices, it is inevitable to
consider the minimum latency. These issues will be discussed
later in Section IV.

III. EXPECTED LATENCY ANALYSIS

We analyze the expected latency E[T'] here. We first review
some useful results on the order statistics. The expected value
of the k™ order statistic of n exponential random variables
of rate y is %, where H;, = Zle 1/i. For k = n,
the k' order statistic becomes H,, /p. As in [11], [37], H,, can
be approximated as H,, ~ log(n) -+ n for large n where 7 is a
fixed constant. For the ease of representation, in the sequel we
assume that 62 = 0. For notational simplicity, we also assume
that each packet contains a single inner product, i.e., 8 = 1,
although our analysis can be easily generalized to any packet
size.

A. Lower and Upper Bounds on E[T]

We first state the following result on the communication
time at each worker .S;.

Lemma 1: The random variable S; follows an erlang distri-
bution with shape parameter 7> and rate parameter (1 — €) o,

e, PriS; <t] =1— 30" Lem(mOmet {(1 — e)pyt}.
Proof: See Appendix A. [ |
Utilizing Lemma 1, we provide the following theorem,
which shows the lower and upper bounds of E[T].
Theorem 1: Let G; be an erlang random variable with
shape parameter o and rate parameter 1, i.e., Pr(G; <t] =

1— ! ;!efttp. Then, we have L < E[T] < U where

p 0
m m(Hy, — Hy—gi—1) E[G )]
mas (00 + kit o) ©
. m(Hn - Hi—k) E[G(’L)]
U = — . (6
iE[nr]n\l[nk—l]( k kp (1- E)Mg) ©)

Proof: See Appendix B. [ ]
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20

----- Upper bound
! Exact value of E[T] (Monte Carlo simulations)
|_| ---------- Lower bound
i
i

Optimal pomts e

.....
,,,,,
________

.
............

Expected overall run-time, E[T]

01 02 03 04 05 06 07 08 09
Code rate, R

Fig. 2. Expected latency and its bounds versus code rate R = k/n with
n = 100, m = 500, p1 =1, po = 10, e = 0.1.

As illustrated in [41], the expected value of the i™ order
statistic E[G'(;)] can be written as (7) shown at the bottom
of the page, where I' is a gamma function®> and ag(x,y) is
the coefficient of ¢¢ in the expansion of (Ef;ol ’;—J,)y for any
integer x, y. From (5) and (6), it can be seen that the lower and
upper bounds of E[T] are decreasing functions of e. Note that
€ only decreases the communication time (not the computation
time) by the factor %_6 as in (5) and (6). It can be also seen
that the lower and upper bounds decrease with increasing fi1,
which determines the computation speed at each worker.

For the uncoded scheme, the overall workload are equally
distributed to n workers without replication. Therefore,
the computational load at each worker are reduced by the
factor k/n compared to the MDS-coded scheme. We have
£unc0ded < E[Tuncoded] < uuncoded and

B m m(H, — Hi_1)  ElG;)]
Luncoded = g?ﬁ(gel + niy (]— - 6)/1’2) ®
Hn - HYL— 3 E[G/l ]
Vorg = Mgy 4 T k) 0 )
n npy (]‘ - 6)/1'2

which are obtained by inserting & = n in (5) and (6),
respectively. Here, 7} is an erlang random variable with shape
parameter m/n and rate parameter 1, where E[G{;)] can be
obtained by inserting k£ = n in (7).

B. Code Rate Design

Now based on the derived bounds on expected latency,
we provide guidelines on designing (n,k) MDS codes.
We first consider the case where the number of workers n
is a given parameter. Workload m is also given. The goal is to
find the best k for given n, m. We observe Fig. 2, which shows
the expected latency and the bounds as functions of code rate
R = k/n with n = 100, m = 500, 3 = 1, us = 10. For
simplicity, we assumed 6; = 0. It is observed that the bounds

2For a positive integer z, I'(z) =

(z=1)L

i—1

D (-1

z:O

ElGw] = ( v

(i — Dl(n —)T(F)

o =1)(n—i+tx)

T(Z 4 g+1)
(n—i+z+1)%Fatl

D

q=0

aq(%,n—i—l—m) 7
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----- €=0 (no channel fading)
Y e=0.1
161 % - - -e=03

Upper bound on E[T]

01 02 03 04 05 06 07 08 09
Code rate, R

Fig. 3. Upper bound U on E[T] versus code rate R = k/n with n = 100,
m = 500, p1 = 1, p2 = 10. One can design MDS code to minimize U
depending on the packet erasure probability e.

9.2 T T T T g
-’
9 - 1
— -
E -,
8.8
o)
Ess
< -
284 "
©
082
)
8 B e
] .
7.8 = Achievable E[T] using MDS code
w ==="'Optimized MDS code with code rate R
7.6 ===== Naive MDS code with code rate R=0.5
74 : = = Naive MDS code with code rate R=0.6
"o 0.1 02 03 0.4 05

€

Fig. 4. Latency performance on the design targeting upper bound minimiza-
tion, assuming n = 100, m = 500, p1 =1, p2 = 10.

and the exact expected latency have very similar behaviors.
With small R (small k for a given n), the size of subtask given
at each worker is relatively large, resulting in an increased
latency due to large computation and communication time.
With large R, although the size of subtask at each worker is
small, we observe relatively large run-time since the master
should receive results from relatively large portion of worker
nodes. The code rate R that minimizes the exact expected
latency is very close to the code rate that minimizes the upper
bound .

In Fig. 3, we plot the upper bound Uf versus code rate
R = k/n with different €, when n = 100, u1 = 1, uz = 10.
As packet erasure probability e increases, the optimal code
rate minimizing ¢ increases. This is because with larger e,
reducing the number of packets to be transmitted at each
worker (by increasing k) is more effective in reducing the
latency compared to decreasing the number of workers that
should successfully transmit their results to the master (by
decreasing k). Depending on €, the optimal code rate R* can
be designed from Fig. 3 to minimize the upper bound I/ in (5).
Now the question is, how good is the performance of the MDS
code which uses a code rate that minimizes U/ ? Fig. 4 compares
the performance between the achievable E[T] (obtained by
Monte Carlo simulations) and the MDS code with rate R*.
The performances of the naive MDS codes with fixed code
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Upper bound on E[T]

ol . . . . . . . .
01 02 03 04 05 06 07 08 09

Code rate, R

Fig. 5. Upper bound U on E[T] versus code rate R = k/n with n = 100,
m = 500, € = 0.1, u2 = 10. One can design MDS code to minimize U
depending on the computing speed w1 at the workers.

50 T T T

40

308 |7 Upper bound
Expected latency (Monte Carlo simulations)
---------- Lower bound

20

Expected overall run-time, E[T]

50 100 150 200 250

Fig. 6. Expected latency and its bounds as a function of n, assuming k = 50,
m =500, 01 = 0.2, u1 =1, pg = 10, e = 0.1.

rates are also shown. It can be seen that the performance of the
MDS code with rate R* is far better than the naive schemes,
and is also very close to the achievable E[T], showing the
effectiveness of the proposed design. Note that one can also
design MDS code depending on p;, which determines the
computing speed at each worker. Fig. 5 shows the details,
indicating that a larger code rate is required with a larger p.

Now we consider another practical scenario in a wireless
setup. Assume that the number of available computing devices
is sufficiently large, but each device has limit on storage space.
This is equivalent to considering the case where 7+ is given for
a fixed workload m, and n is a design parameter; we would
like to find the best n for a given k, m. Fig. 6 shows the
expected latency E[T] and its bounds as a function of n, where
k = 50, m = 500. Obviously, latency and its bounds decrease
as n increases since we are utilizing more computing resources
with larger n when k, m are given. Hence, the optimal solution
here is to utilize as much as workers as possible.

Now we introduce the notion of R-normalized expected
latency E[T]/R. Based on the derived bounds on expected
latency in Theorem 1, we plot the R-normalized latency
performance in Fig. 7. Compared to Fig. 6 which does not
consider normalization of R, simply increasing n is not an
appropriate solution here. With small n, we have small 1/R
but E[T]/R is large since we do not have enough coding
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o

100 150 200 250
n

3
o

Fig. 7. R-normalized expected latency and its bounds versus n, assuming
k =50, m =500, 01 =0.2, u1 =1, p2 =10, e = 0.1.

o
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Upper bound on R-normalized latency
n
o

n
o
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a
o

Fig. 8. Upper bound on R-normalized expected latency depending on e,
where k = 50, m = 500, 01 = 0.2, p1 = 1, p2 = 10.

gain to reduce the expected latency E[T]. With very large n,
we have small E[T] but again E[T]/R is relatively large since
we have large computational burden by utilizing too many
worker nodes. One can find the optimal n minimizing the
lower or upper bound between these two extreme cases.

In Fig. 8, we plot the upper bound on R-normalized
expected latency as a function of n, depending on the channel
condition €. An interesting observation is that optimal n
minimizing the upper bound decreases as e increases. This
is because with larger ¢, decreasing 1/R (by decreasing n)
is more effective in reducing E[T']/R compared to decreasing
E[T] (by increasing n) in this scenario with k& = 50, m = 500,
w1 = 1, uo = 10. From Fig. 8, optimal n minimizing the
upper bound can be designed depending on the packet erasure
probability e.

C. Special Case: k =m

In this subsection, we especially focus on the case with
k = m to provide more detailed analysis with more insights.
Each worker is capable of computing only a single inner
product, a befitting assumption when low-cost IoT devices
having very small storage size are utilized for distributed
computing.

With & = m, the communication time .5; follows an
exponential distribution with rate (1 — €)uo, (i.e., Pr[S; <
t] = 1-— e*(l’f)’“t), which can be seen from the proof
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of Lemma 1. Now we define a continuous-time Markov
chain C defined over 2-dimensional state space (u,v) €
{0,1,...,n} x {0,1,...,k}, where the transition rates are
defined as follows. The transition rate from state (u,v) to
state (u+ 1,v) is (n —u)py if v < w < n, and 0 otherwise.
The transition rate from state (u,v) to state (u,v + 1) is
(u—v)(1—€)ug if 0 < v < min(u, k), and 0 otherwise. Based
on the definition of C, we arrive at the following theorem
which shows that E[T'] can be obtained from the analysis of the
hitting time of a continuous-time Markov chain. The following
theorem enables us to design a more precise code minimizing
the exact expected latency, not the lower or upper bounds.
Theorem 2: Let T be the expected hitting time of C from
state (0,0) to the set of states (u,v) with v = k. Then with
k = m, the expected overall run-time becomes E[T| = T+ 6.
Proof: For a given time t, define two functions:

u(t) ={j € [n]: X; — 61 <},
o(t) = [{i € [n): X; — 01 + S < t}].

(10)
Y

Here, u(t) can be viewed as the number of workers that
finished computation by time ¢ + 6, and v(¢) is the number
of workers that have successfully transmitted the computation
results to the master by time ¢ + #;. From these definitions,
v(t) can be rewritten as

Now we omit index ¢ in u(t), v(¢) for notational simplicity.
From E[T] = E[k‘hr[ni]n(Xi +5,)], it can be seen that E[T']—6,
i€[n

is equal to the expected arrival time from (0,0) to any (u,v)
with v = k. Thus, we define the state of Markov chain (u, v)
over space {0,1,...,n} x {0,1,...,k}.

Now the transition rates can be described as follows.
By (10), for a given t, there are n — u integers of j € [n]
satisfying X; — 61 > ¢ at state (u,v). Since X; — ¢, follows
an exponential distribution with rate i, state transition from
(u,v) to (u—+ 1,v) occurs with rate (n — wu)u;. The transition
from (u,v) from (u + 1,v) is possible for u > v, by the
definitions (10), (11).

Next, consider the transition rate from (u, v) to (u, v+1) for
a fixed t. Among the u integers of ¢ € [n] satisfying X; —6; <
t, there are v of them satisfying X; —6,+.5; <t at state (u, v).
Recall that .S; follows the exponential distribution with rate
(1 — €)pz from Lemma 1. Thus, state transition from (u,v)
to (u,v + 1) occurs with rate (u — v)(1 — €)ug. Note that
v e {0,1,...,min(u, k) —1}. Finally, we have E[T] = T+6;,
which completes the proof. [ ]

For an arbitrary state (u,v), the first component u can be
viewed as the number of workers who finished computation,
and the second component v is the number of workers that
successfully transmitted their results to the master. Fig. 9
shows an example of the state diagram with n = 5, k = 2.
From the initial state (0,0), the given task is finished when
the Markov chain visits one of the states with v = 2 for
the first time. Since the computational results of a worker are
transmitted after the worker finishes the whole computation,
u > v always holds. The expected hitting time of the Markov
chain can be obtained performing the first-step analysis [39].
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Fig. 9. State transition diagram example with n =5, &k = 2.

It can be seen from the transition rates (n — w)u; and
(u — v)(1 — €)uo that the expected hitting time of the
Markov chain decreases with increasing y; (faster comput-
ing) or decreasing e (lower retransmission probability).

While the exact E[T] can be obtained via Markov chain
analysis, we additionally provide closed-form expressions for
the lower and upper bounds of E[T'] in the following theorem,
to provide more insights and guidelines on designing the code.

Theorem 3: Assuming k = m, we have L < E[T] < U
where

H, — H, i H, —H,_;
L= max(91 + == okbizl y n - 1) (13)
i€lk] o (1 —e)u2
1 H,—H,_
0+ — + "7'k, e>1— K1
- npy (1 —€)p K2 (14)
6 + —= nk 4 , otherwise,
1231 n(l —e)us
H,—H;, H,—H,;
U= min (614 =R TS (5
i€[n\[k—1] 11 (1 —€)pe
Proof: See Appendix C. [ ]

The lower bound in (13) can be rewritten as (14) with
two regimes classified by equation ¢ = 1 — %, which is
equivalent to

o 1

pr (I—e)pa’
i.e., when the computation time X; in (1) and the communi-
cation time S; in Lemma 1 have the same rate.

For e > 1 — ; , the sum of the first two terms of the
lower bound in (14) 01 + — Wl is the expected value of
minimum computation time among n workers. The last term
is the expected value of the k™ smallest communication time

among n workers. This is the case where all the workers finish
the computation by time —

(16)

- and then start communication
simultaneously, which is an intuitive lower bound. We show
in Appendix C that the derived lower bound (14) is the tightest
among the k candidates of the bounds we obtained in (13).
For the upper bound, by defining Hy = 0, we have U =

S Ha—H,_,
01+ T (I—ous

is the expected value of maximum computation time among

n workers and the last term % is the expected value

e
of the k™ smallest communication time among n workers.

Again, this is an obvious upper bound as it can be interpreted
as the case where all n workers starts communication simulta-
neously right after the slowest worker finishes its computation.
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————— Upper bound
Markov analysis | -
---------- Lower bound

Expected overall run-time, E[T]

1 1 1 1 1 1
900 1000 1100 1200 1300 1400 1500
n
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Fig. 10. Bounds of E[T] for k = m = 500, u1 = 1, pu2 = 10, e = 0.1.

The derived upper bound includes this kind of scenarios. It can
be also seen from the bounds that the lower and upper bounds
decrease as p increases or e decreases.

For a given workload m = k, here we would like to find the
best n. It can be easily seen from Theorem 3 that both £ and
U are decreasing functions of n. Fig. 10 shows the lower and
upper bounds along with the hitting time of the Markov chain,
with a varying number of workers n. The number of inner
products to be computed is assumed to be m = 500. It can
be seen that the lower bound is tighter than the upper bound.
It can be also seen that not only the lower and upper bounds
but also the exact expected latency decreases as n increases.
Therefore, increasing n as much as possible is the optimal
solution in minimizing E[T]. In reducing the R-normalized
expected latency E[T']/R, we have the following theorem.

Theorem 4: For a given workload m = k, E[T]|/R is
minimized by setting n = k/R*, where

1 M1
1+ , e>1-—2=
Re=d o Walgmirant 12 (17
1+ W1 (—e B 1)’ otherwise,
and W_1(-) is the lower branch of Lambert W function.?

Proof: We first consider the case ¢ > 1 — py/uo.
By approximating E[T] to the lower bound £, we have
ET] £ 1

R R k

1 n n
(nbr+ -+ log(—")) (18)

(1= €)pe
from Theorem 3. For a fixed Kk = m, we would like to find
the minimizer of £/R with respect to n. From %( ) =0,
we have

n n

—1 =1+64(1— . 19

e log( ) = 14— (19

By setting k = R*n, we have e —log(s) = 1+

01(1—¢€)p2. By defining 8 = —& and taking the exponential

at both sides, we obtain €/ = exp(1 + 01 (1 — €)j2). Then
by the definition of the Lambert W function, we have

ﬁ _ _Wil(_efel(lfe)uzfl).

(20)

3W_1(x) is the unique solution of tet =z, t < —1.
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€

Fig. 11. R* obtained from Theorem 4, with 61 = 0.2, 1 = 1, puo = 1.

Now by inserting this result to 3 = #, we have R* =
1+ o L which completes the proof. We can
—1

—e—01(1—e)pa—1
similarly prove the case for € < 1 — p1 /s from (14). [ |
It is observed that the ratio R* = k/n* obtained from
Theorem 4 does not depend on k = m. Moreover, it can
be seen from Theorem 4 that R* decreases as packet erasure
probability € increases, or p; and po decrease. In Fig. 11,
we plot R* with varying channel condition e¢. As expected,
optimal R decreases as e increases, which indicates that it is
more beneficial to increase n in reducing E[T|/R for a given
m =k with 3 = uo = 1 and a large e.

D. Transmitting the Entire Result by a Single Packet

While our work considers transmitting multiple packets one
by one, it is also possible to send the entire result by a single
packet with a larger size. In this case, the computation time
model is the same as in (1) and the communication time
becomes S; = E;.VZIY]-, where Y; follows an exponential
distribution with rate % we considering the increased packet
length by the factor 7*. Here, IV follows a geometric distribu-
tion with success probability 1 —¢’, where € is the new erasure
probability of the packet containing the whole computational
result at each worker. For analyzing ¢/, we assume that 1)
each bit becomes erroneous independently according to the
fixed bit-error rate (BER) of the system ¢;, and 2) the packet
is lost if at least one bit is erroneous [40]. Then, the packet
erasure probability e considered so far can be written as
€ = 1—(1—¢p)" where [ is the packet length for a single inner
product. Now considering the entire result as a single packet,
we have ¢ =1 — (1 —¢) %! =1~ (1 —¢€)%. By following
exactly the same procedure of the proof of Theorem 1, we can

easily obtain the lower and upper bounds on expected latency
Hy—Hp_pyi-1 + m(Hn*ani))

as follows: £ = ?61%(%91 + o A TR

U= ie[rzﬁl[gfl](%el + = Aflik + mgj(ql—ju;)) Fig. 12
shows the upper bound as a function of code rate R, when
n is given. The result is consistent with the trend in Fig. 3,
indicating that a larger code rate is required in minimizing the
upper bound with larger e.

IV. MINIMUM LATENCY ANALYSIS

In the previous section, we focused on analyzing the
expected latency E[T], a performance metric that has been
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Code rate, R

Fig. 12.  The scenario where each worker transmits the entire result by
a single packet. Upper bound on expected latency is shown for n = 100,
m = 500, p1 =1, p2 = 10.

studied in many previous works on coded computation
[11], [12], [24], [38], [42]. However, the expected latency
alone may not be a sufficiently telling metric, especially for
wireless networks where packet losses can create a long tail
in the probability distribution of 7.

A. Minimum Latency

In this section, we introduce a new metric minimum latency
T(9) the minimum overall run-time that we can guarantee
with probability 1 — a:

T = min{7 : Pr[T < 7] > 1 — a}. (21)

Here, T is a random variable defined in (4) and « is the
acceptable probability that the overall computation does not
finish until 7(*). Since T is the k-th order statistic of {X; +
S; 1, the probability Pr[T < 7] can be written as

Pl <r]=>" (’_L)F(T)J’u —F(m)"7, (2

=k

where F(1) = fjoo f(2)dz and f(z) = fi’ooo fx(y)
fs(z — y)dy. Here,
xla) = e 23)
m m m
{(1 - 6)/142}T sH—le—(1—e)p2s o

fS(S) = (%_1)|

are the probability density functions of X; and S; defined in
(1) and (3), respectively.

Fig. 13 shows the behavior of minimum latency 7'(®)
assuming o = 0.01, py = 1, pe = 5, m = 500. For a given
n = 100, it can be seen from Fig. 13a that optimal code
rate minimizing 7(®) increases as packet erasure probability e
increases, which is consistent with the result in Fig. 3. From
Fig. 13b, it can be seen that the minimum latency decreases
as we increase the number of workers n for a given storage
space at each node (for given k, m as in Fig. 7). As channel
becomes worse, more workers are required to achieve the same
performance.

Similar to the R-normalized expected latency we considered
in Section III-B, we observe the behavior of R-normalized
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Fig. 13. Performance of minimum latency 7°(¢).
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Fig. 14. Performance of R-normalized minimum latency 7(®) /R.

minimum latency 7(®) /R in Fig. 14. An important observation
is that optimal code rate R = k/n that minimizes 7% /R is
significantly larger than the code rate that minimizes 7(%),
which can be seen from Figs. 14a and 13a. This implies

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 20, NO. 12, DECEMBER 2021

that reducing the total amount of computational burden of the
system (increasing k) is effective in reducing the R-normalized
minimum latency. Finally from Fig. 14b, it can be seen that
simply increasing n is not an appropriate solution in reducing
T()/R. One can find the optimal number of workers n
depending on the channel condition €. Both Figs. 13 and 14
indicate that optimal k& or m should be precisely chosen
depending on the performance metric 7(* or T(®) /R, and
the channel condition e.

B. Analysis Under the Setting of Limited Number
of Retransmissions

So far, we focused on latency analysis over packet erasure
channels under the assumption that there is no limit on the
number of transmissions at each worker. The number of
transmissions can be potentially infinite on the analysis above.
However, in practical systems, the number of transmissions
at each worker is often limited to avoid unacceptable time
delay or due to bandwidth constraint at the computing devices.
Let v be the maximum number of packets that is allowed to
be transmitted at each worker. That is, the total number of
transmissions of the system is limited to n-y.

When the number of packet transmissions allowed at each
worker is given by «, the minimum latency is rewritten as

T = min{7 : Pr[T" < 7] > 1 —a}, (25)
where 77 = kthmi]n(Xi + S7) is the overall run-time until
i€n

successful computation for a given 7. Here, we have S] =
chzl Y; where Y} follows an exponential distribution with
rate po and C; is the number of transmissions at a specific
worker until a successful transmission of 7+ packets, which are
all independent for different workers. Let p be the probability
of success at a specific worker, i.e., the probability that a
master node successfully receive 7+ out of vy packets from
a specific worker. Then, p can be written as

m m
p=1-e% + (’{)(1—6)76
————
0 failure —
1 failure
+... (7_1)(1—6)71:677'3
m
T %

y—+ failures

<% i 1)(1 — )%

=3

~y—

(26)
=0 v

With probability 1 — p, the worker fails to transmit the 7*
packets so that C; is undefined and S} becomes infinity. Thus,
we have random variable C; given by:

m

%, w.p. (1"7 €)*r
%—i—l, Ww.p. <?)(1—e)7k”e
Ci = : 27)
Y- 1 m . m
v, Ww.p. m (L —€)* ek
T %
undefined, w.p. 1 —p.
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Fig. 15. Achievable performance curves assuming n = 40, 1 = 1, uo2 =5,
v=17 a=0.01

Then, random variable S] becomes

~ erlang(%,ug) wp. (1 —e)%
~ erlang(% + 1, pu2) w.p. (?) (1—€)%e
A : (28)
-1 m m
~ erlang(')/a /J/Q) W.p. (ry m,) (1 - 6)?67_?
T %
=00 wp. 1 —p.

C. Achievable Performance Curves

Now we consider two practical optimization problems. First
is to minimize 7% for given y and n, where the achievable
curve (as a function of €) is shown in Fig. 15a. The parameters
are set as n = 40, g = 1, uos = 5, v = 7, a = 0.01.
We observe that the achievable T(®) increases as the packet
erasure probability e grows but that the rate of increase varies.
Finally, we consider another important problem which is to
find the achievable workload m of the current system under
the constraint 7(®) < 7; (or Pr[T” < 7] > 1—a) and for given
v, n. From Fig. 15b which shows the achievable workload as a
function of channel condition e, it can be seen that achievable
workload m decreases more or less linearly as e grows.

D. Discussion on Extension to Other Codes

Although we utilized the MDS code for analysis, our
result can be also applied to other recent codes targeting
stragglers in distributed computing; a recent line of work on
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coded distributed computing focused on developing polyno-
mial codes [13] rather than MDS codes. The authors consider
recovery threshold as a performance metric, which is defined
as the minimum number of workers that need to successfully
send their results to the master in order to finish the overall
task. Based on the recovery threshold, we can define a new
metric called minimum expected latency to finish the task, and
directly apply our analysis to extend the polynomial codes
to a wireless setting. Given a recovery threshold K,y of a
polynomial code, the minimum expected latency is equal to
the expected latency for receiving any K.y out of n results
and thus we can directly apply our analytical tools.

V. CONCLUSION

We studied the problem of coded computation assuming
packet losses, which are a fact of life in wireless networks.
Closed-form expressions of lower and upper bounds on the
expected latency have been derived. We showed that the
performance of the coding scheme minimizing the upper
bound nearly achieved the optimal run-time, which showed the
effectiveness of the proposed design. Considering the special
case with k& = m, we showed that the expected latency was
equivalent to analyzing a continuous-time Markov chain. Then,
we analyzed minimum latency, that has not been considered in
previous works on coded computation. Based on the minimum
latency, we provided guidelines on designing the optimal
coding schemes. Finally, under the setting of a limited number
of retransmissions at the computing devices, we obtained
achievable performance curves of minimum latency and work-
load, as functions of packet erasure probability e. Extending
our result to hierarchical computing systems [29], secure
distributed computing systems [42] or to other variants of
codes are interesting and important topics for future research.

APPENDIX A
PROOF OF LEMMA 1
For 3 = %, the communication time S; in (3) can be written
as S; = ,,11 Z, where Z, = Zj\]:l Y; . We first observe the
distribution of Z,.. For a fixed integer ¢, Z?Zl Y 1, the sum of
q exponential random variables with rate 1o, follows the erlang
distribution with shape parameter ¢ and rate parameter pio:

q q—1
1 _
HQ:Ewéﬂzl—E:ﬁe“ﬁmﬁﬁ. (29)
j=1 p=0
Now we can write
[e%e] q
Pr{Z, <] = Y Pr[N, = q|Pr[) Y, <{]
g=1 j=1
00 q—1

I
-
=
=
[0
o
[0}
T
L
.
=
=

g=1 p=0

oo g—1

= 1= Y S (1= e at)”
q=1 p=0
[ 00

S ety S (1= et )t
p=0g=p+1

= 1 — g M2t i i(e t)p

ol H2

p=0

-1 e—(l—e)u,gt.
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Fig. 16. Illustration of Proposition 1.

This implies that Z,. follows an exponential distribution with

rate (1 —€)uq. Thus, from S; = > % | Z,, the communication
time S; follows an erlang distribution with shape parameter

7 and rate parameter (1 — €)uo, which completes the proof.

APPENDIX B
PROOF OF THEOREM 1

A. Lower Bound

We first prove the following proposition, which is illustrated
as in Fig. 16.
Proposition 1: For any two sequences {a;}ic[n], {bi}icin)

(30)

k"min(a; + b;) > L bin).
s+ 00 2 ey + )

Proof: Define the ordering vector 7w € II, where II is the
set of permutation of [n], i.e.,

D={r=[m,..., ] :m €[n] Vi€ n], m #7;

for i # j}.

Note that the k" smallest value out of n can be always
rewritten as the maximum of k smallest values. Define w =
[71,...,m,] € II to make the set of values {a,, + by, }*_, be
the k& smallest among {a;+b;}7_,. In addition, define 7w, 72 €
IT to make ar, = a(r, ) and br, = b, ) be satisfied Vi € [k],

€1V

where w1 = [m11,...,7p1], T2 = [m1,2,..., 7Ty 2]. Then,
k:fhr[ni]n(ai + b;) can be rewritten as
€N
E"min(a; + b;) = max(ax, + bx,) (32)
1€[n] i€ k]

= max(a(myl) —+ b(mz)) (33)

i€ (k]
Now define a new set of ordering vectors II* C II, as

" ={mwell:m e [k] Vielk]}. (34)

Then we can always construct vy, 7v5 € I1I* such that 7; 1 >
;1 Ti2 > o for all i € [k], which is easy to prove. Then
by adequately selecting 7* € II*, (33) is lower bounded as

MaX(A(ri) + Bmi2)) 2 MAX(0(y ) + iz ) B3)
= max(a(ﬁf) + b(z)) (36)

i€[k]

Equation (35) implies that the lower bound of mﬁ(a(ml) +

i€k

b(x,.)) can be obtained by properly selecting the & pairs
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{agrs ) + b(wh)}le all in the left region of Fig. 16, and

taking the maximum. This value mak?(a(,ﬁ ) +b(xx,)) can be

simply rewritten as (36). Now we want to show that for any

7* € II*, (36) cannot be smaller than me[u?(a(k_iﬂ) + b))
ik

which is the lower bound illustrated in Fig. 16.
Define L as

L = max(age—i+1) +b@) = ag—j1) + by G7)

1€ [k]
for some j € [k]. Suppose there exist L’ and an ordering
vector 7w’ = [r},...,m,] € IT* such that

max(a(,rf_) + b(z)) =L <L. (38)
i€ k] v
We will show that the assumption of (38) is a contradiction,
which would complete the proof. By (38), a(r,) + by <
a(k—j+1) + b;) should be satisfied for all j' € [k]. This
implies 7%, < k — j + 1 for all j* € [k] \ [j — 1], which
is a contradiction since one-to-one mapping between j’ and
7, cannot be constructed for j" € [k]. [ |
Since Pr[X; < t] = 1 — e mm (%) for general k,
we have
m(Hn — Hn—i)
kpa
for all ¢ € [n]. For communication time, we can rewrite .S; as
G
(1= €)pe
where G is an erlang random variable with shape parameter
7+ and rate parameter 1. We take this approach since a closed-

form expression of E[G;)] exists as (7). Now the lower bound
is derived as

E[Xq)] = 701 + (39)

Si = (40)

E[T] = E[k;hmin(Xi +54)]

€[n]
> E X—iv1) + 56
2 [?é?é( (h—it+1) + S(@))]
H, — H,_ i E[G;
> max(@eler( n = Hnpric1) G )
(b) €[k kﬂl (]. — E)‘LLQ

where (a) holds from Proposition 1 and (b) holds from the
Jensen’s inequality.

B. Upper Bound

For the upper bound, we use the following proposition
which is illustrated in Fig. 17.

Proposition 2: For any two sequences {a;}ic[n], {bi}icin)

E"min(a; +b;) < min

< 41
i€[n] i€[n]\[k—1]

(A(ngh—i) + D))

Proof: We use the similar idea to that in the proof of
Proposition 1. Consider a set of ordering vectors II defined
in (31). Note that the k" smallest value out of n can always
be rewritten as the minimum of n — k + 1 largest values.
We define © = [my,...,m,] € II to make the set of values
{ar, +bx, }1, be the n — k + 1 largest among {a; + b; }};.
In addition, define m;,7w2 € II to make a,, = A(r; 1)
and by, = br,,) be satisfied Vi € [n]\ [k — 1], where
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= Upper bound of kt,};{njin(ai + b;)
LE(Nn

Fig. 17. Tllustration of Proposition 2.

™ = [ma,...,Tn1), T2 = [m12,...,7p2]. Then,

k:fhr[ni]n(ai + b;) can be rewritten as

€|n

E"min(a; +b;) = min  (ay, + bn, 42
i€[n] (@i + ) ie[n]\[k—l]( 4 b “2)
= min ) 0 y). (43
ie[n]\[kﬂ](w i) T b)) (43)

Now define another set of ordering vectors II* C IT as

I"={well:men]\[k—1] Yien]\[k-1]} 44

Then we can always construct 77, 75 € II* such that m; 1 <
w1, M2 < miy forall i € [n]\ [k — 1], which can be proved
easily. Then by adequately selecting w* & II*, (43) is upper

bounded as
i T bTr/ S i TF bﬂ”f
ie[rf]n\l[gfl](a( o) F b)) ie[r{]ril[gq](a( 2 T ,))
(45)
= min * +bz . (46
sephii () T 0w)- (49
Equation (45) implies that the upper bound of
min  (a(x,,) + b(r,,)) can be obtained by properly
i€n]\[k—1] ’ ’

selecting the n — k + 1 pairs {a(z= ) + b=, ) }iey, all in the
right region of Fig. 17, and taking the minimum. This value

min  (a¢qr ) + bex_y) can be simply rewritten as (46).
i€[n]\[k—1] o w2
Now we want to show that for any 7* € II*, (46) cannot be

larger than [I?\i[lli 1](a(n+k_i) + b(;)), which is the upper
1€(n -
bound illustrated in Fig. 17.
Define U as
U= min ntk—i) F0)) = Arnar—n + by (47
ey =) +b0) = neh—g +bG) A7)

for some j € [n] \ [k — 1]. Suppose there exist U’ and an
ordering vector v’ =[x}, ..., m,] € II* such that

(a(ﬂ-;) + b(z)) =U'>U. (48)

min
i€[n]\[k—1]
We show that the assumption of (48) is a contradiction.
By (48), Q) + b(jr) > Qntk—j) T b(j) should be satisfied
for all j' € J[n] \ [k — 1]. This implies 7}, > n + k — j for
all 7/ € [j] \ [k — 1], which is a contradiction since one-to-
one mapping between j' and 7r§, cannot be constructed for

j" e n]\ [k — 1. ]
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Now from (39) and (39), the upper bound is derived as
E[T] = E[k"min(X; + 5;)] (49)
i€[n]
< E| min
(d) i€[n]\[k—1]
H, — H;_; E|G;
(m91+m( n i k)+ [ (z)] )
k ks (1 =€)
(51)

(X (ntk—i) +5@))] (50

< min
(e) i€[n]\[k—1]

where (d) holds from Proposition 2 and (e) holds from the
Jensen’s inequality.

APPENDIX C
PROOF OF THEOREM 3

Since Pr[X; < t] = 1 — e #1(t=01) and Pr[S; < t] = 1 —
e~ (1=9nr2t for b — m, we have

H,—H,_;
E[X@) = 60 + ——— (52)
2
H,—H,_;
E[S ] = =2 ——n—t 53
[ (1)] (1 _ 6)/,1/2 ( )
for all ¢ € [n]. Then, the lower bound is derived as
E[T] = E[kfhr[ni]n(xi +5;)]
€N
> E Xk—iv1) + 5
zZ [?elé[lé( (h—it1) T S(@))]
Hn — an i— n n—i
> max(91 " ktio1  Hn — H, )
(v) i€kl 01 (1= €)pe
H,—H,_ H,—H,_
0, + n n1+ n nk)€21_ﬂ
- p hgl —€)p2 142
(¢) H, — H, n — ddpn—1 .
01 + + , otherwise
1231 (1 —e)u2

where (a) holds from Proposition 1 and (b) holds from the
Jensen’s inequality. Now we prove (c¢). Let

Hn - ankJrifl Hn - ani
5} (I—€uz
Assuming n is large and k is linear in n, we can approximate
H, ~1log(n), H,— ~log(n—k), and H,_j4;—1 ~ log(n—
k+1i—1). Then,

0% fr, 1 1
0i? _(n—k—l—i—l)Qul+(1—e)(n—z’)2u2 >0
(535

fL =01+ (54)

which implies f7 is a convex function of . Since i € [k],
the integer ¢ maximizing fr, is either ¢ = 1 or ¢ = k. Thus,
(¢) is satisfied, which completes the proof.

For the upper bound, we have

Mﬂ:EW@W&+&H (56)
i€[n
< E[ min  (X(pnir_i + Sy (57)
5 [ie[n]\[k—l]( (nt+k—i) T Seiy)]
Hn - Hi— Hn - Hn—i
< min (91+ L. )
(e) i€n\[k—1] K1 (1 —e€)u2
(53)

where (d) holds from Proposition 2 and (e) holds from the
Jensen’s inequality.
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