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Abstract— Distributed learning plays a key role in reducing
the training time of modern deep neural networks with massive
datasets. In this article, we consider a distributed learning prob-
lem where gradient computation is carried out over a number of
computing devices at the wireless edge. We propose hierarchical
broadcast coding, a provable coding-theoretic framework to
speed up distributed learning at the wireless edge. Our contribu-
tions are threefold. First, motivated by the hierarchical nature of
real-world edge computing systems, we propose a layered code
which mitigates the effects of not only packet losses at the wireless
computing nodes but also straggling access points (APs) or small
base stations. Second, by strategically allocating data partitions
to nodes in the overlapping areas between cells, our technique
achieves the fundamental lower bound on computational load to
combat stragglers. Finally, we take advantage of the broadcast
nature of wireless networks by which wireless devices in the
overlapping cell coverage broadcast to more than one AP. This
further reduces the overall training time in the presence of
straggling APs. Experimental results on Amazon EC2 confirm the
advantage of the proposed methods in speeding up learning. Our
design targets any gradient descent based learning algorithms,
including linear/logistic regressions and deep learning.

Index Terms— Distributed learning, gradient descent, wireless
edge, stragglers.

I. INTRODUCTION

TRAINING a large-scale model on a massive dataset
is of paramount importance in modern deep learning

applications. To reduce the training time of such large-scale
learning, extensive distributed learning schemes have been
proposed in recent years [1]–[5]. While most current dis-
tributed computing/learning systems are based on the cloud
(i.e., data centers), edge-facilitated computing [6]–[10] has
drawn significant attention nowadays, which is motivated by
the proliferation of edge servers and computing devices at the
wireless edge. By utilizing mobile or Internet of Things (IoT)
devices as computing nodes, which are more accessible for
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the users than the cloud, edge-facilitated computing enables
low-latency applications such as virtual reality.

At the wireless edge, the running time of distributed learning
algorithms suffers from two major limitations. First, there
are packet losses caused by wireless fading channels [11],
which are inevitable when gradient computations are trans-
mitted over-the-air. Packet retransmission is required, which
significantly increases overall training time, resulting in a
severe form of straggling. Secondly, low-cost IoT devices
when used as computing nodes can have very high variability
in performance, which would cause unpredictable delays.
In order to facilitate distributed learning at the wireless edge,
efficient solutions are needed to handle this straggler issue
which significantly slows down distributed learning.

A. Related Works

In the context of stragglers, these bottlenecks are mostly
studied in cloud-based distributed computing/learning scenar-
ios in a simple master-worker setup [12]–[24]. Especially
focusing on distributed learning, the authors of [18] pro-
posed a framework called gradient coding, which introduced
coding techniques in synchronous gradient descent to miti-
gate stragglers. By putting more computational load at the
workers, gradient coding enables to recover the exact sum
of total gradients at the master. It is shown that gradient
coding outperforms the existing approach based on simply
ignoring stragglers, which could miss data in each iteration
and suffers from degraded performance. The authors of [25]
proposed an efficient gradient coding scheme by characteriz-
ing trade-offs among computational load, straggler tolerance
and communication cost. In [26]–[28], approximate gradient
coding schemes are proposed, which aim at reducing the
computation load at nodes by allowing the master to compute
an approximate gradient. Gradient coding schemes are also
proposed to protect distributed training against adversarial
nodes [29]. In [30], the authors proposed a tree topology
in gradient coding to reduce communication burden at the
master. However, all previous works on gradient coding do
not reflect the practical environments of the wireless edge and
thus could not directly be applied to edge-facilitated learning
systems; in practical wireless systems, mobile/IoT nodes are
connected wirelessly to access points (APs) (e.g., small base
stations), and these APs are connected to a local parameter
server (PS), which can be viewed as a less resourceful cloud.
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Moreover, a large number mobile/IoT devices are located in
the overlapping areas between cells, which comes from dense
deployment of APs in 5G and beyond systems. In this hierar-
chical wireless setup, how to design efficient coding schemes
to combat stragglers? How to fully utilize the computing nodes
located in the overlapping cell areas to minimize the training
time? Existing works on gradient coding do not provide any
answers to these questions, which are the major limitations to
be applied in edge-facilitated learning systems.

For speeding up matrix multiplication, hierarchical net-
works as well as wireless networks were considered in [31]
and [32], [33]. In [34]–[36], wireless distributed computing
schemes are proposed for data shuffling applications. Com-
pared to these works, we consider applying codes across gra-
dients for any given loss function, which were not considered
before. Finally, compared to the existing works on federated
learning [37]–[40] where the data is collected at individual
devices (and thus coding is not applicable), we consider a
conventional distributed learning problem where the central PS
has the whole dataset and thus enables application of coding
when allocating data partitions to the distributed nodes.

B. Main Contributions

In this article, we focus on mitigating stragglers for distrib-
uted learning at the wireless edge. We propose hierarchical
broadcast coding, a coding technique highly tailored to the
practical environments of the wireless edge with following
unique characteristics. First, our scheme reflects the hier-
archical nature of edge computing systems [41], [42]; the
mobile/IoT nodes are connected to the APs and these APs are
connected to the PS. Here, not only the wireless computing
nodes but also the APs can become stragglers depending on
wired/wireless backhaul conditions, especially when the net-
work traffic at the central PS is high due to congestions [43].
These straggling APs would critically degrade the performance
of learning. By hierarchical coding, our scheme enables to
tolerate any s1 straggling computing nodes and any s2 strag-
gling APs in the system. Secondly, our scheme utilizes the
computing nodes located in the overlapping areas in wireless
cellular networks. Especially in today’s small cell networks
where pico/femto cells [44], [45] are densely deployed, almost
all the nodes are located in the overlapping areas between cells.
The nodes in the overlapping coverages could download data
from more than one APs, a feature that can be exploited in
designing codes. By precisely allocating data partitions to the
computing nodes in the overlapping cell areas, our scheme
achieves the fundamental lower bound on computational load
to combat stragglers. The last characteristic of our scheme is to
utilize the broadcast nature of wireless networks. The nodes
located in the overlapping areas between cells can transmit
their result(s) simultaneously to multiple APs by broadcasting.
With a properly designed code, this aspect of our system
can significantly reduce the training time in the presence of
straggling APs. Our main contributions can be summarized as
follows:

• We first derive the fundamental lower bound on compu-
tational load to combat s1 straggling computing devices

and s2 straggling APs in the system, in a hierarchical
wireless setup with broadcasting nodes in the overlapping
cell areas.

• By strategically allocating data partitions to the nodes
in the overlapping cell regions, we propose hierarchical
broadcast coding, a scheme that can reduce the training
time while achieving the fundamental bound on compu-
tational load to combat stragglers.

• Experiments are carried out by implementing the schemes
on Amazon EC2 with PyTorch and MPI4py package.
Extensive results on 1) ResNet18 with CIFAR-10 dataset
and 2) logistic regression models with a dataset from
Kaggle show that our scheme achieves the target accuracy
much faster than existing methods.

Compared to gradient coding [18] and its related works,
the hierarchical setup with a significant number of broadcast-
ing nodes in the overlapping cell areas calls for new design
strategies, making our solution unique. It is shown that the
proposed scheme tailored to the hierarchical wireless setup
show remarkable performance gain compared to the naive
application of gradient coding.

Organization: Section II provides preliminaries on distrib-
uted learning and gradient coding. In Section III, we formulate
the distributed learning problem in a wireless setup. Our
main result on hierarchical broadcast coding is described in
Section IV and experimental results on Amazon EC2 clusters
are provided in Section V. Finally, we draw conclusions in
Section VI.

Notations: Let [n] := {1, 2, . . . , n}. 1a×b is an a×b all-ones
matrix.

II. PRELIMINARIES

In this section, we first describe the basic setup of dis-
tributed learning. Then, we describe the concept of gradient
coding [18], which is the most closely related work to our
proposed idea.

A. Distributed Learning

In distributed learning, the PS has the whole dataset and
distributes across multiple computing nodes for data par-
allelization. For a given dataset D = {(xi, yi)}m

i=1 with
i-th data point xi ∈ Rd and corresponding label yi ∈ R,
we would like to learn the parameters of the model by solving
w∗ = arg min

w∈Rd

∑m
i=1 �(xi, yi; w) where �(·) is a loss function.

Employing stochastic gradient descent, we first initialize the
model at a specific point w(0) and then iteratively update the
parameters according to

w(t+1) = h(w(t), g(t)), (1)

where g(t) :=
∑m

i=1 ∇�(xi, yi; w(t)) is the gradient of the loss
for the current model w(t) and h is a gradient-based optimizer.
We assume that there are n computing nodes, and that dataset
D is partitioned into k subsets of equal size: {Di}k

i=1. After
computing the gradients for given data partitions, each node
sends the sum of the assigned gradients to the PS. The PS
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Fig. 1. Example of gradient coding with k = n = 3, s = 1, and a single
parameter server (PS).

aggregates the gradients of all data partitions
∑k

i=1 gi, where
gi :=

∑
(x,y)∈Di

∇�(x, y; w(t)) is the sum of gradients corre-
sponding to data partition Di. Finally, the model is updated
according to (1) before moving to the next iteration.

B. Gradient Coding

Gradient coding is a scheme which allows redundant com-
putation at the nodes to mitigate the effect of stragglers in
distributed learning. Again, let n be the number of computing
nodes connected to a single PS and k be the number of data
partitions. Let r be the average number of data partitions
assigned to each node, i.e., the computational load. We would
like to have the exact sum of gradients

∑k
i=1 gi at the PS with

s straggling nodes in the system. Then according to [18], in a
single-layer master-worker setup, we must have

r ≥ k(s + 1)
n

. (2)

The equation (2) can be interpreted as follows. In order to
tolerate s stragglers, each data partition should be replicated
and allocated to at least s + 1 nodes. Thus, the number of
redundant data partitions is k(s + 1) partitions in total, which
are distributed into n nodes. This implies that each node should
receive k(s + 1)/n data partitions, which coincides with (2).
Fig. 1 shows an example with k = n = 3 and s = 1.
The exact sum of gradients

∑3
i=1 gi can be obtained at the

PS by receiving any two out of three results, tolerating any
s = 1 straggler. This example also achieves the lower bound
on computational load r in (2).

III. SYSTEM MODEL: CODED DISTRIBUTED

LEARNING AT THE WIRELESS EDGE

In this article, we also consider a distributed learning
problem where the PS has the whole dataset, but in a hier-
archical wireless setup. Motivated by the recent proliferation
of mobile/IoT devices, we utilize the nodes (e.g., mobile/IoT
devices) at the wireless edge as computing resources, where
the goal is to obtain the exact value of

∑k
i=1 gi at PS located

at the cloud. We assume that L APs are connected to a single
PS. Each AP forms a cell, serving mobile nodes in its covered
area. Here, a cell is defined as a service area (i.e., a geometric
region) of each AP. Let ui be the number of nodes which is
connected only to the i-th AP and to no others. We also denote
vi,j as the number of mobile nodes located in the overlapping

cell areas between AP i and AP j for i �= j, connecting to
both APs. We assume that a node is connected to at most two
APs, although our idea can be generalized to connections to
more APs, as shown in Appendix A. Now a specific AP i has
access to fi nodes, where fi can be written as

fi = ui +
∑

j∈[L]\{i}
vi,j . (3)

The total number of nodes in the system becomes

n =
L∑

i=1

ui +
L∑

i=1

∑
j∈[L]
j<i

vi,j . (4)

An example system is shown in Fig. 2 with L = 3, ui = u = 2
for all i ∈ [L], vi,j = v = 1 for all i, j ∈ [L], i �= j.

The overall procedure for distributed learning is described
as follows: First, datasets are distributed across the computing
nodes (e.g., mobile/IoT devices) based on a predefined rule.
Each node computes the gradients of assigned data partitions
and transmits a particular linear combination of the results to
corresponding AP(s). In this process, some of the nodes can be
subject to severe channel fading and thus become stragglers.
Here, a node shared by two APs transmits its result to both
APs. After collecting results from the nodes, each AP sends
a specific linear combination of the collected results to PS,
with some APs possibly being stragglers. The goal is to obtain∑k

i=1 gi at PS with s1 straggling nodes and s2 straggling APs
in the system.

In the following, we describe the general framework
of hierarchical broadcast coding, which is built upon the
well-established gradient coding concepts and tools of [18].
Before training begins, each AP figures out the current channel
condition by receiving feedbacks from the computing nodes,
and sends the information on current ui, vi,j values to PS.
PS first designs an L × k encoding matrix Q which allocates
k data partitions to L cells such that the sum of all gradients
can be recovered despite s2 straggling APs, while also letting
some data partitions be shared between adjacent cells. Defining
G = [g1, g2, . . . , gk]T as the d-dimensional gradient of each
data partition as its row, qiG, the i-th row of QG, corresponds
to the vector that the i-th AP transmits to PS. For the example
in Fig. 2, we have

Q =

⎡
⎢⎢⎣

1
2

1
2

1
2

1 1 1 0 0 0
0 0 0 1 1 1 −1 −1 −1
1
2

1
2

1
2

0 0 0 1 1 1

⎤
⎥⎥⎦ , (5)

QG =

⎡
⎢⎢⎣

1
2
(gT

1 + gT
2 + gT

3 ) + gT
4 + gT

5 + gT
6

gT
4 + gT

5 + gT
6 − (gT

7 + gT
8 + gT

9 )
1
2
(gT

1 + gT
2 + gT

3 ) + gT
7 + gT

8 + gT
9

⎤
⎥⎥⎦ . (6)

Based on Q, PS also designs an E ×L decoding matrix P ,
where E denotes the number of possible scenarios straggling
APs can arise. With s2 straggling APs in the system, we have
E =

(
L
s2

)
. The design purpose of Q and P is to recover the

sum of gradients at PS against any E straggling AP scenarios;
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Fig. 2. Example of hierarchical broadcast coding with L = 3, ui = u = 2,
vi,j = v = 1, s1 = 1, s2 = 1. The APs are located at the higher tier
of devices, and the parameter server (PS) is located at the higher tier of
the APs (i.e., at the cloud). Here, we define g̃1 := g1 + g2 + g3, g̃2 :=
g4 + g5 + g6, g̃3 := g7 + g8 + g9. By hierarchical coding, the system is
able to tolerate s1 = 1 straggling computing node and s2 = 1 straggling AP.
By broadcasting, the nodes in the overlapping area can transmit the result
to both APs with only one computation and one communication round. The
lower bound on the computational load in Theorem 1 is achieved.

this goal can be written as PQG = 1G, or equivalently,
PQ = 1E×k.

Now we focus on the specific i-th cell, where its AP needs
to recover the vector qiG in the presence of s1 straggling
nodes. We define a fi × k encoding matrix B(i) for allocating
data partitions to fi nodes within the i-th cell. The j-th row
of B(i) is an encoding vector for node j in cell i, which lin-
early combines the corresponding gradients. More specifically,
B(i)G becomes a fi × d matrix whose j-th row corresponds
to the result that node j in cell i transmits to the i-th AP. For
example, considering AP 1 in Fig. 2, we have

B(1) =

⎡
⎢⎢⎣

1 1 1 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0
0 0 0 1 1 1 0 0 0

⎤
⎥⎥⎦ , (7)

B(1)G =

⎡
⎢⎢⎣

gT
1 + gT

2 + gT
3

gT
1 + gT

2 + gT
3

gT
4 + gT

5 + gT
6

gT
4 + gT

5 + gT
6

⎤
⎥⎥⎦ . (8)

Here, we note that the nodes in the overlapping areas
between cells would be given two encoded vectors from both
APs. When the encoded matrices are precisely designed so
that a node has the same encoded vectors for both cells,
it can simply broadcast the result to the corresponding APs
after computation. This requires one round of computing
gradients and one round of communication by broadcasting.
When a node is assigned with the same data partitions but
different encoding vectors from both cells, one round of
computation and two rounds of communication are required.
When the assigned data partitions from both cells are different,
two rounds of computation and communication are required,
which is the worst case. Minimizing the computation and
communication round at the nodes is an important design
criterion for B(i).

Now consider an Fi × fi decoding matrix A(i) which
aggregates the computational results B(i)G of fi nodes in

cell i and recovers the desired vector qiG. Here, Fi is the
number of possible straggling scenarios for the nodes in cell i;
since we consider combating arbitrary s1 straggling nodes in
each cell, we have Fi =

(
fi

s1

)
. Each row of A(i) corresponds

to a specific straggling scenario we want to combat for
obtaining qiG. Since we want to recover qiG for any of the
Fi scenarios, the desired condition at the i-th AP reduces
to A(i)B(i)G = [qi; qi; . . . ; qi]G, or equivalently, A(i)B(i) =
[qi; qi; . . . ; qi]. For example, considering the F1 = 4 straggling
scenarios with s1 = 1 in AP 1 of Fig. 2, we can write

A(1) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
1
2

1
2

1
2

1
2

0
1
2

1
2

1
4

1
4

0 1

1
4

1
4

1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (9)

A(1)B(1) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

1
2

1
2

1 1 1 0 0 0

1
2

1
2

1
2

1 1 1 0 0 0

1
2

1
2

1
2

1 1 1 0 0 0

1
2

1
2

1
2

1 1 1 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎣

q1

q1

q1

q1

⎤
⎥⎥⎦ .

(10)

Throughout the paper, we denote Q and P as encoding and
decoding matrices of the outer code, respectively. Likewise,
we denote {B(i)} := {B(1), . . . , B(L)} and {A(i)} :=
{A(1), . . . , A(L)} as the encoding and decoding matrices of the
inner codes. To sum up, for a given L, ui, vi,j and a cell geom-
etry, our goal is to design a scheme

(
P, Q, {A(i)}, {B(i)})

such that PQ = 1E×k and A(i)B(i) = [qi; qi; . . . ; qi] hold for
all i ∈ [L], which is robust to any s1 straggling nodes and any
s2 straggling APs in the system.

IV. MAIN RESULT: HIERARCHICAL BROADCAST CODING

In this section, we present our main results for the coding
scheme. Our goal is to exactly recover the true sum of
gradients when s1, s2, ui, vi,j and L are given. By defining
computational load r as the average number of data partitions
assigned to each node, we first state the following theorem
which provides the lower bound on computational load to
combat stragglers.

Theorem 1: Suppose that a scheme
(
P, Q, {A(i)}, {B(i)})

is robust to any s1 straggling computing nodes1 and s2 strag-
gling APs in the system with given ui, vi,j , L and k. With every
node computing the same amount of data, the computational
load must satisfy

r ≥ k(s1 + 1)(s2 + 1)∑L
i=1 fi

, (11)

where fi is the number of computing nodes connected to the
i-th AP as defined in (3).

1Our hierarchical coding is designed to combat any s1 straggling computing
nodes for every cell, which surely guarantees tolerance against s1 straggling
nodes in the system.
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Proof: Suppose that a scheme
(
P, Q, {A(i)}, {B(i)}) is

robust to any s2 straggling APs in the system. Then, each data
partition Dj ∈ D = {D1, D2, . . . , Dk} should be allocated to
at least s2+1 cells. Letting μi be the number of data partitions
allocated to cell i, we should have

L∑
i=1

μi ≥ k(s2 + 1). (12)

Now focus on a specific cell i. Given s1 straggling nodes in the
entire system, there can be maximally s1 straggling nodes in a
single cell. Hence, any data partition in a specific cell should
be replicated to at least s1+1 computing nodes. Let ri,q be the
number of data partitions allocated to node q in cell i. Since
there are fi computing nodes in cell i, the total number of
allocations for all nodes in cell i is

∑fi

q=1 ri,q . Hence, we can
write

fi∑
q=1

ri,q ≥ μi(s1 + 1) (13)

for all i ∈ [L]. By summing up for all i ∈ [L], the following
holds:

L∑
i=1

fi∑
q=1

ri,q ≥
L∑

i=1

μi(s1 + 1) ≥ k(s1 + 1)(s2 + 1). (14)

Now we assign the same amount of data r to all nodes,
i.e., ri,q = r for all q ∈ [fi], i ∈ [L], which leads to

r

L∑
i=1

fi ≥ k(s1 + 1)(s2 + 1). (15)

By dividing both sides by
∑L

i=1 fi, we have r ≥ k(s1+1)(s2+1)
�

L
i=1 fi

which completes the proof.
This bound is fundamental in that no code exists that

computes less than (s1+1)(s2+1)
�

L
i=1 fi

fraction of the entire data in
successfully combating s1 straggling nodes and s2 straggling
APs. An important observation is that the bound decreases
as

∑L
i=1 fi increases, i.e., as the number of nodes in the

overlapping cell region increases. This bound extends and
generalizes Theorem 1 of [18] for our hierarchical setup with
nodes in the overlapping cell areas. Next, making use of the
cyclic and fractional repetition codes of [18] as component
codes, we provide two hierarchical coding schemes which
precisely utilize the computing nodes in the overlapping areas
to speed up training while achieving this fundamental bound.

A. Cyclic Outer Code With Fractional Repetition Inner Codes

Motivating Example: We first revisit the example in Fig. 2.
It can be seen that this example achieves the lower bound on
the computational load in (11), while combating any s1 = 1
straggling node and s2 = 1 straggling AP. Since the nodes in
the overlapping areas compute the gradients for two APs and
broadcast the result to both of them, the overall training time
can be reduced.

Outer Code: We first provide construction on the encoding
matrix of the outer code Q, which allocates k data partitions
over L cells to tolerate s2 straggling APs. The overall proce-
dure is divided into the following three steps.

Fig. 3. Support of Q, where � represents non-zero values. Each row has
k(s2+1)

L
non-zero values. The data partitions that are overlapped by two rows

can be allocated to the nodes in the overlapped cell region.

Fig. 4. Examples of cell indexing with L = 4, s2 = 1. Here, we have
N(2) = 0. Since cell 1 does not share data partitions with cell 3, and cell 2
does not share data with cell 4, we cannot allocate data partitions to the nodes
in regions R1 and R2 in scenario 2.

1) Support Construction: The support construction of Q is
based on the cyclic code [18], as illustrated in Fig. 3. Here,
we assume fi = f for all i ∈ [L] (i.e., each AP selects the
same number of nodes for participation) for code construction.
Each row of Q has k(s2+1)

L non-zero elements. For the first
row, non-zero values are assigned to the first k(s2+1)

L elements.
For the next row, the non-zero values are shifted k

L steps to
the right, and so on. As can be seen in Fig. 3, this code is
suitable for the outer code since it allows each cell to share
data partitions with not only the adjacent cells but also the
cells with larger index differences.

2) Cell Indexing: Now let N(i) be the number of data
partitions shared by the cells with index difference i, i.e., the
number of data partitions shared by cell p and cell q, where
|p − q| = i. Then for L ≤ 2s2 + 2, a visual inspection of
matrix Q leads to

N(i)=

⎧⎪⎨
⎪⎩

k(s2+i − L + 1)/L, i≥s2 + 1,

k(2s2−L + 2)/L, L − s2 − 1≤ i < s2 + 1,

k(s2−i + 1)/L, i<L − s2 − 1.

(16)

Note that N(i) = N(L − i) due to the cyclic structure of
matrix Q. It can be seen from (16) that unless L = 2s2 + 2,
we have N(i) > 0 for all i ∈ [L], i.e., each cell shares data
partitions with all other cells. For L > 2s2 + 2, we have

N(i)=

⎧⎪⎨
⎪⎩

k(s2+i − L + 1)/L, i≥L − s2 − 1,

0, s2 + 1 ≤ i < L−s2−1,

k(s2 − i+1)/L, i < s2+1.

(17)

For a given cell geometry specified as L, N(i), and a given
straggling parameter s2, the goal of this step is to find an
appropriate cell indexing solution. More specifically, we would
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Fig. 5. Illustration of Algorithm 1.

Fig. 6. Cell indexing for various cell geometry.

like to determine which row of Q should be assigned to each
AP for a given cellular network. Fig. 4 shows an example
with L = 4, s2 = 1. Each cell shares nodes with the adjacent
cells. From (17), we have N(2) = 0. Hence, for a given cell
geometry in Fig. 4, it can be seen that cell indexing of Fig. 4a
is better than that of in Fig. 4b, since cell 1 does not share
data partitions with cell 3, and cell 2 does not share data
partitions with cell 4. More specifically, we cannot allocate
data partitions to the nodes in regions R1 and R2 in Fig. 4b.

Now the question is how to find a valid cell indexing for
a given cellular network? Here, we say that a cell indexing
is valid if it allows every cell to share data partitions with its
geometrically adjacent cells. We provide Algorithm 1 which
finds a cell indexing solution for arbitrary 2-dimensional cell
geometry. Fig. 5 illustrates Algorithm 1. First, select an initial
cell (with cell index 1) and choose an axis X which contains
the initial cell. Let T0 be a set that contains only the initial cell.
Now define a set Tb which contains all cells that are adjacent
to the cells in Tb−1, i.e., each cell in Tb shares some nodes
with at least one cell in Tb−1. We first index the cells along
the axis X , and then iteratively index the cells located left and
right side of the axis X . In each set Tb, the number of iterations
for cell indexing is maximally |Tb| where the total number of
iterations becomes maximally L. Hence, the complexity of the
algorithm becomes O(L). This ensures the practical applica-
bility of the algorithm which scales linearly with the number
of APs.

In Fig. 6, we provide valid cell indexing solutions depending
on the cell geometry. For the cases in Figs. 6a, 6b, regardless
of s2, we can always find a valid cell indexing solution. For
Figs. 6c and 6d, we can find a valid cell indexing if and only
if s2 ≥ 3, which can be seen from Fig. 6 and N(i) obtained
in (16) and (17). In the following, we provide a condition
on finding a valid cell indexing solution by Algorithm 1.

Algorithm 1 Cell Indexing for Arbitrary 2-Dimensional
Structure
Input: C = {C1, C2, · · · , CL}, set of L hexagonal cells,
arbitrarily indexed at the beginning
Output: π = [π1, π2, · · · , πL], indices of n cells. Here,
πk is the index of cell Ck. We have {π1, π2, · · · , πL} =
{1, 2, · · · , L}.

Initialize: Set πk = 0 for k ∈ [L], and define b = 0.
Step 1. Select an initial cell s ∈ C such that the number of
adjacent cells of s is less than six.
Select an axis X ⊆ C satisfying two conditions: 1) s ∈ X
and 2) there exists a line l containing the centers of all cells
x ∈ X .
Define T0 = {s}. Set πs = 1.
Step 2. Specify πk values for k �= s:
while πk = 0 for some k ∈ [L] do

Set b = b + 1 and define t =
∑b−1

i=0 |Ti|.
Define Tb = {c ∈ C :
cell c shares an overlapping area with another cell c′ ∈
Tb−1}
Let s′ be the unique cell satisfying s′ ∈ X ∩Tb. Set πs′ =∑b

i=0|Ti|.
Define Cleft = {Ci1 , Ci2 , · · · , Cip} ⊆ Tb, the set of cells in
Tb which are in the left side of axis X . Order the elements
within the set such that d(Cil

, s′) ≥ d(Cim , s′) for all
l ≤ m. Here, d(Ci, Cj) is the distance between the centers
of cells Ci and Cj .
Similarly, define Cright = {Cj1 , Cj2 , · · · , Cj{|Tb|−1−p}} ⊆
Tb, the set of cells in Tb which are in the right side of
axis X .
while ∃ Ck ∈ Tu such that πk = 0 (i.e., an un-indexed
cell exists in Tb) do

Select Cjl
∈ Cright satisfying πjl

= 0 (choose the
smallest l). If such Cjl

exists, set t = t +1 and πjl
= t.

Select Cil
∈ Cleft satisfying πil

= 0 (choose the
smallest l). If such Cil

exists, set t = t + 1 and πil
= t.

end while
end while

This guarantees the convergence of Algorithm 1, where the
proof can be found in Appendix B.

Proposition 1: Consider an α×β cell geometry as in Fig. 5,
where the total number of cells is L = αβ. Assume that α is
an odd number. Then if s2

L ≥ 3
2β , we can always obtain a

valid cell indexing solution by Algorithm 1.
Proposition 1 implies that as β becomes larger, we can

always construct valid cell indexing with a relaxed constraint
on the ratio of straggling APs to L, i.e., s2

L .
3) Determining the Matrix Elements: Now given an appro-

priate cell indexing with the support of Q in Fig. 3, how
do we determine the actual values of non-zero elements
in matrix Q? As in Algorithm 2 below, which generalizes
Algorithm 2 in [18], a random design of Q allows PS to
exactly recover the sum of gradients against s2 straggling APs.
The key idea is to design a cyclic matrix Q where any L− s2

rows are linearly independent and their span contains 1L×1.
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The complexity of Algorithm 2 is approximately O(L), which
comes from L iterations in constructing each row of L × L
matrix Q′.

Algorithm 2 Algorithm to Construct Outer Encoding
Matrix Q

Stage 1: Generate random matrix H ∈ Rs2×L to
satisfy:

1. Any s2 columns of H are linearly independent and
dim(null H) = L − s2

2. 1L×1 ∈ null H

Stage 2: Based on H , construct matrix Q′ ∈ RL×L to
satisfy:

1. Any L − s2 rows of Q′ are linearly independent and
their span contains 1L×1

2. The support of Q′ has a cyclic structure
Stage 3: By replicating each element of Q′ by k

L times row-
wise, construct Q where the support of Q has the structure as
in Fig. 3.

Inner codes: Based on the outer code designed above, each
AP has access to k(s2+1)

L data partitions. Now we design
inner codes, i.e., {B(i)} and {A(i)}. Our main contribution
is to allow a precise utilization of the shared data partitions
between cells for designing {B(i)}, to reduce computation and
communication time at the nodes in the overlapping areas.

a) Construction for cell i: We first focus on the specific
i-th AP connected with fi = f computing nodes (i.e., each
AP selects the same number of nodes for participation). Our
goal is to combat s1 straggling computing nodes in each cell.
We utilize the fractional repetition codes of [18] to construct
B(i), which works as follows. Suppose s1 + 1 divides f .
We first divide the nodes into f

s1+1 groups with equal size,
having s1+1 nodes in each group. The data partitions assigned
to cell i are also divided into f

s1+1 blocks (a set of Dis) with

equal size, having k(s1+1)(s2+1)
fL data partitions in each block.

Then, we arrange the nodes in the same group to compute
the gradients of the same data block. This guarantees cell i to
tolerate any s1 straggling nodes among f nodes.

b) Condition for broadcasting: Now there are two impor-
tant problems to address: 1) How to jointly design {B(i)} to
combat s1 straggling nodes for every cell, while achieving the
fundamental bound on computational load (by receiving the
same data partitions from both APs) and having one communi-
cation round (by broadcasting) at the nodes in the overlapping
areas? 2) Among the candidates of {B(i)} satisfying these
conditions, which one is the best solution? Which data should
be allocated to the nodes in the overlapping cell areas to
achieve this best solution? We begin with the first problem,
by observing the following lemma which provides a guideline
for having minimum communication and computation load
using {B(i)}.

Lemma 1 (Broadcasting): Suppose the encoding matrix of
outer code Q is constructed by Algorithm 2 and encoding
matrices of inner codes {B(i)} are based on fractional repeti-
tion codes. Assume that L = 3 and ui = u for all i ∈ [L] and

Fig. 7. Examples of different data allocation methods. The parameters are
L = 3, ui = u = 4, vi,j = v = 2, s1 = 1, s2 = 1. The recovery threshold
of scenario 1 and scenario 2 are 17 and 16, respectively.

vi,j = v for all i, j ∈ [L]. Then the necessary and sufficient
condition for achieving the lower bound on computational load
in (11) and for having one communication round for all nodes
is u ≥ 2

(
 v
s1+1�(s1 + 1) − v

)
.

Proof: See Appendix C.
If the condition in Lemma 1 holds, the nodes in the over-

lapping cell areas can broadcast the result to both APs, which
further reduces the finishing time. Depending on straggler
scenarios, we note that one can appropriately select u, v by
connecting the nodes in the overlapping cell areas to either
one or two APs2 to satisfy the condition in Lemma 1.

3) Data allocation to the overlapping areas: Now we
provide an answer to the next question: Among the solutions
that satisfy the condition in Lemma 1, which one is the best
solution? How should we allocate data partitions to the nodes
in the overlapped regions in order to achieve this solution?
We provide an allocation method to minimize the recovery
threshold [13], which is defined as the minimum number
of successful nodes required at PS to always guarantee the
exact sum of gradients. We provide an example in Fig. 7.
Here, the overall computation is finished when PS receives the
results of two out of three cells. If each AP can detect where
each result is sent from, the recovery thresholds for Fig. 7a and
Fig. 7b become K = 17 and K = 16, respectively. Motivated
by this example, we provide Algorithm 3 to construct {B(i)}
based on fractional repetition codes which allocate data blocks
as uniformly as possible within the overlapping area, and also
across the overlapping areas. More specifically, we allocate
data blocks to minimize the maximum element tmax of a set T ,
where T contains the number of each data block located in
the overlapping areas. For example, we have T = {2, 2, 2}
and T = {1, 1, 1, 1, 1, 1} for Fig. 7a and Fig. 7b, respectively.
To summarize, the goal of Algorithm 3 is to precisely allocate
data blocks to achieve T ∗ = argminT tmax. The complexity
of the algorithm (number of iterations for allocating data)
becomes O(n), scaling linearly with the number of participat-
ing devices. We first allocate data partitions to the nodes in the
overlapping areas (which requires 3v iterations for allocating
data), and arbitrarily assign the remaining partitions to the

2This is especially reasonable when a large number of nodes are in the
overlapping areas between cells. In such cases, we can flexibly control u, v
by connecting a specific node in the overlapping areas to only one AP.
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nodes in the non-overlapped regions (which requires n − 3v
iterations of data allocation). Now we have the following
theorem, with the proof given in Appendix D.

Algorithm 3 Algorithm That Allocates Data Partitions to the
Overlapping Cell Areas to Minimize the Recovery Threshold
Stage 1: Based on the fractional repetition scheme, construct
matrix M containing all possible data blocks to be assigned
to the nodes in the system.
Stage 2: Construct the sets I1, I2, I3 by taking the row indices
of M that should be assigned to B(1), B(2), B(3), respectively.
Stage 3: Allocate the first and last v rows of B(1), B(2),
B(3), corresponding to the overlapping areas between cells.
Allocate data blocks to achieve T ∗ = argminT tmax. Subtract
the allocated row indices from I1, I2, I3.
Stage 4: Based on I1, I2, I3, arbitrarily fill the remaining parts
of B(1), B(2), B(3).

Theorem 2 (Optimality of Algorithm 3): Suppose Q is con-
structed by Algorithm 2 and {B(i)} are based on fractional
repetition codes. Then among the candidates of {B(i)} which
can tolerate any s1 straggling nodes and any s2 straggling
APs, the construction of {B(i)} based on Algorithm 3 achieves
the minimum recovery threshold.

Based on {B(i)}, the corresponding {A(i)} can be easily
constructed by A(i)B(i) = [qi; qi; . . . ; qi].

B. Cyclic Codes for Both Outer and Inner Codes

In this subsection, we provide an alternative hierarchical
coding scheme achieving the lower bound in (11), which
can be used when the condition in Lemma 1 does not hold.
We assume fi = f for all i ∈ [L]. The construction for both
Q and {B(i)} are based on cyclic codes, where Q can be
constructed by Algorithm 2. For constructing {B(i)}, we only
need to fill k(s2+1)

L columns of B(i) where the elements
of qi are non-zero. Define a matrix C(i), by taking these
k(s2+1)

L columns. We fill each row of C(i) with k(s1+1)(s2+1)
fL

non-zero elements. For the first row, the non-zero elements
are assigned to the first k(s1+1)(s2+1)

fL elements. For the next

row, the non-zero values are shifted k(s2+1)
fL steps to the right.

An appropriate random generation similar to Algorithm 2
can be used for construction. Assuming L = 3, there are
two sufficient conditions for achieving the fundamental bound
in (11), u+2v | s2 +1 and v ≤ 1+ �u+2v

s2+1 − (s1 +1)
, which
can be obtained by using similar techniques to the proof of
Lemma 1. Note that the coding schemes in subsections IV-A
and IV-B have different conditions for constructions. One can
decide which coding scheme to use depending on the current
system parameters u, v.

C. Trade-Off in Code Design: Computational Load Versus
Recovery Threshold

Thus far, we provided results on designing the encoding
and decoding matrices as functions of u, v. In this subsection,
we explore trade-offs in selecting different u and v. Note that
u + v = n/L is a constant for L = 3. It can be seen from

Theorem 1 that when v increases, it is possible to combat
the same number of stragglers with a lower computational
load. However, the following lemma shows that the recovery
threshold is a monotonic increasing function of v when s1, s2

are given. The proof can be found in Appendix E.
Lemma 2: Assuming L = 3 and considering both codes

in subsections IV-A and IV-B in the manuscript, the recovery
threshold K of hierarchical broadcast coding becomes

K =

{
n − s1, if v > s1

n + v − 2s1 − 1, otherwise.
(18)

for s2 = 1. If s2 = 2, we have

K =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

n + 3v − 3s1 − 2, if v ≤ s1

2
n − 3

2
s1 − 1, if v >

s1

2
and s1|2

n − 3
2
s1 − 1

2
otherwise.

(19)

Equation (18) shows that for v > s1, increasing v is always
beneficial since a lower computational load can be achieved
with the same recovery threshold. For v ≤ s1, there exists a
trade-off. Again from (19), increasing v is always beneficial
for v > s1

2 , while there is a trade-off for v ≤ s1
2 .

V. EXPERIMENTS ON AMAZON EC2

We provide extensive experimental results by implementing
our methods on Amazon EC2. We assume ui = u for all
i ∈ [L] and vi,j = v for all i, j ∈ [L]. Note that u = n

L ,
v = 0 corresponds to the case where hierarchical coding
is applied without considering the shared nodes between
APs. We consider two uncoded schemes for comparison,
where the data is divided uniformly across all the workers
(i.e., computing devices) without replication. The first uncoded
scheme is to wait until all stragglers to arrive. Each AP is
connected to n

L workers. To obtain the sum of local gradients,
each AP waits for all results from the corresponding workers.
The PS waits for all the results from the APs to recover
the exact sum of total gradients. Another uncoded scheme is
ignoring stragglers approach, where the PS ignores s2 APs
when updating the model in each iteration. Each AP ignores
s1 workers before sending the aggregated gradient to the PS.
Finally, we consider naive coding scheme for comparison,
which does not reflect the hierarchical/broadcast nature of
the network; here PS directly codes across the workers by
gradient coding [18]. Considering both s1 and s2, gradient
coding is designed targeting s1 + n

Ls2 straggling workers.
In this case there is no general rule for the AP. Hence, each
AP sends the result of each worker as soon as it is received,
which requires n

L times more communication burden between
APs and the PS compared to other schemes. We define the
effective redundancy as reff = r

runcoded
, which shows the relative

redundancy of each scheme compared to the method without
coding (i.e., uncoded scheme).

We used PyTorch with MPI4py package for implementa-
tion. Stochastic gradient descent with momentum is used for
training, where we adopted momentum term of η = 0.9.
We utilized one PS, L = 3 APs and n = 12 workers. For all
proposed schemes, coding scheme of Section IV-B is utilized
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Fig. 8. Test accuracy versus training time for ResNet18 with CIFAR-10.
We artificially delayed s1 = 1 worker and s2 = 1 AP.

for the case u = 4, v = 0, s1 = 2 where the scheme of
Section IV-A is utilized for other scenarios. Here, s1 is a
design parameter which depends on the signal-to-interference-
plus-noise ratio (SINR) at the APs. If the SINR is below
a certain threshold (i.e., outage case), packet retransmission
is required at the devices which results in a server form
of straggling. Hence, if the channel condition between the
device and the AP is bad, we expect a large number of
straggling devices and thus set s1 to be large when designing
our coding scheme. Similarly, if the frequency reuse factor
is large (i.e., if frequency reuse between cells is frequent),
we can expect a larger co-channel interference and thus set s1

to be large. To sum up, both channel fading and co-channel
interference are the factors that can be simply parameterized
as s1. We compare the performances with various s1 values
(s1 = 1, 2, 3), which correspond to scenarios with different
channel conditions and frequency reuse factors (co-channel
interferences).

A. Experiments for Deep Neural Networks

We trained ResNet18 using CIFAR-10 dataset, where the
number of parameters of model is 11,173,962 and the number
of training samples and test samples are 50,000 and 10,000,
respectively. Mini-batch stochastic gradient descent is used
with a batch size of 120. c4.2xlarge instances are used
for PS, APs and workers.

Fig. 8 shows test accuracy versus training time for different
schemes. Here, the test accuracy is averaged by performing
5 independent trainings. The coding schemes are designed

targeting s1 = 1, s2 = 1 for Fig. 8a and s1 = 2, s2 = 1
for Fig. 8b, where we considered two proposed schemes
depending on u, v values for each figure. Note that even when
some nodes are located in the overlapping cell areas, we can
design a code for u = 4, v = 0 (Figs. 8a, 8b) by connecting
all nodes only to one AP. Similarly, we can construct a code
for u = 2, v = 2 (Fig. 8b) even when more than 2 nodes
are in the overlapping cell areas by connecting specific nodes
only to one AP. To see the effect of stragglers, we artificially
delayed s1 = 1 worker for 2 seconds s2 = 1 AP for 2 seconds
at each iteration. While the uncoded scheme (ignore straggles)
should have the smallest average time per iteration by ignoring
stragglers, it has lower test accuracy compared to the coded
schemes in Fig. 8. This is because this uncoded scheme
loses data by ignoring stragglers at each iteration. As s1

increases, the performance of ignoring stragglers approach gets
worse, since more data is lost at each iteration. For each plot,
it is observed that the proposed schemes provide better test
accuracy compared to the naive coding scheme. It can be also
seen that the proposed scheme with v = 0 has lower test
accuracy compared to v > 0, i.e., one or more nodes in the
overlapping cell areas. Table I shows the training time of each
scheme in Fig. 8a, to achieve the target test accuracy. As the
target accuracy becomes larger, there is a larger gap between
the proposed coding idea and other comparison schemes.

We provide a more detailed result in Fig. 9, which shows the
average running time per iteration corresponding to the plots
in Fig. 8. We randomly delayed s1 = 1 worker and s2 = 1
AP at each iteration. The performance of the uncoded scheme
(wait for stragglers) becomes poorer as delay increases, since
it has to wait for all the workers and APs. As expected,
the second uncoded scheme (ignore stragglers) has the lowest
average time since it has the minimum computational load and
is not largely affected by the delays. The coded schemes are
also not largely affected by the delays. Similar to the results in
test accuracy plot, it can be seen that the coding scheme which
utilizes the nodes in the overlapping cell areas have better
performance compared to other coding schemes, confirming
the advantage of the proposed design.

Now what happens if there are more stragglers than
expected, giving rise to a mismatch situation? We address
this question in Fig. 10, where the target stragglers are the
same as in Figs. 8, 9. Here, we artificially delayed s1 = 3
workers and s2 = 1 AP for 2 seconds, which is beyond the
target design. The test accuracy is obtained by averaging
the results of 5 independent trainings. It can be seen that
the scheme with larger v tend to have more performance
degradation in this mismatch scenario. This is because with a
larger v, the system has a higher probability to have stragglers
in the overlapping cell areas, which slows down both APs.
The mismatch sensitivity varies depending on u, v values but
in general proposed coding still gives advantage compared to
naive application of gradient coding and uncoded schemes.

A more detailed observation on mismatch scenarios can
be found in Fig. 11, which shows the average running time
per iteration for different schemes. The setup is the same as
in Fig.10b, where the codes are designed targeting s1 = 2 and
s2 = 1. Fig. 11a is for no actual worker delay (i.e., s1 = 0,
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Fig. 9. Average time per iteration where the codes are designed targeting s2 = 1 and different s1 values with n = 12 workers. We artificially delayed
s1 = 1 worker and s2 = 1 AP.

Fig. 10. Test accuracy versus training time for ResNet18 with CIFAR-10.
We artificially delayed s1 = 3 workers and s2 = 1 AP.

an under-match), Fig. 11b is for actual 2 worker delays
(i.e., s1 = 2, the exact match) and Fig. 11c is for actual
3 worker delays (i.e., s1 = 3, an over-match). If we artificially
delay more workers than that we targeted, the schemes with
larger v tend to have more performance degradation since it is
more likely to have stragglers in the overlapping cell areas.
This effect can be seen from Fig. 11c with u = v = 2.
If only the workers in the non-overlapping areas are delayed,
the average time is not largely increased compared to the
cases in Fig. 11a and Fig. 11b. However, if we only delay the
workers in the overlapping areas, the average time increases
substantially. When the number of stragglers is within the
range of target design, the trend is consistent with the results
in Fig. 8.

TABLE I

TRAINING TIME (MIN) ACHIEVING THE DESIRED ACCURACY

FOR TRAINING RESNET18 IN FIG. 8a

B. Experiments for Logistic Regression Models

Now we provide experimental results for training a logistic
regression model by using the Amazon Employee Access
dataset from Kaggle.3 After applying one-hot encoding as
a preprocessing step, which converts the categorical features
to binary features, the dimension of the model we used for
experiment becomes d = 263, 500. t2.micro instances
are used for workers and subamsters, and c4.2xlarge for
the PS.

We provide Generalization AUC (area under the curve)
versus training time in Fig. 12, where 26, 220 training samples
are used with n = 12 workers. Codes are designed targeting
s2 = 1 and various s1 values. We artificially delayed s2 = 1
AP for 0.5 seconds. It can be again seen that the scheme
utilizing the nodes in the overlapping cell areas gives the best
performance. The results are consistent with the results on
ResNet18, which shows the advantage of proposed schemes
over naive gradient coding and uncoded schemes.

VI. CONCLUSION

In this article, we provided a provable coding technique
with three features for speeding up wireless distributed learn-
ing in edge computing scenarios: combats stragglers in both
hierarchical layers, achieves the fundamental lower bound on
computational load, and fully utilizes the broadcast nature of
wireless networks. Experimental results on Amazon EC2 con-
firm the advantage of our scheme for both deep neural
networks and logistic regression models. Our result offers a
promising solution to expedite learning at the wireless edge,
where minimizing the training time of learning models is of
paramount importance.

3https://www.kaggle.com/c/amazon-employee-access-challenge
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Fig. 11. Average time per iteration where the codes are designed targeting s1 = 2, s2 = 1 with n = 12 workers. We artificially delayed s2 = 1 AP and
s1 = 0, 2, 3 workers. Especially for the case with u = v = 2, we consider three cases: the workers to be delayed are randomly selected from 1) overlapping
areas only, 2) non-overlapping areas only, and 3) overall system.

Fig. 12. AUC versus training time with n = 12 workers. Each plot is designed targeting s2 = 1 and different s1 = 1, 2, 3. At each iteration, we artificially
delayed s2 = 1 AP for 0.5 seconds.

APPENDIX

A. Generalization to More Than Two Overlapping APs

Our idea can be generalized to connections to more than
two APs following the similar procedures in Sections III
and IV. Let wi,j,l be the number of nodes located in the
overlapping region among cell i, cell j and cell l. Then
by simply rewriting fi of (3) fi = ui +

∑
j∈[L]\{i} vi,j +∑

j∈[L]\{i}
∑

l∈[L]\{i,j}
j<l

wi,j,l, the fundamental bound in The-

orem 1 remains exactly the same. Similarly, if we consider
N -overlapping APs, we just need to rewrite fi and the funda-
mental bound in Theorem 1 remains the same. The coding idea
can be also extended to achieve this bound. We first construct
the encoding matrix Q of the outer code by using Algorithm 2.
When allocating data partitions to each computing node based
on Algorithm 3, the key idea is to allocate data partitions that is
shared by multiple APs to the nodes in the overlapping areas.
As an example, Fig. 13 shows the case with n = k = 32,
L = 4, s1 = 3, s2 = 2. Here, the nodes in the overlapping
areas among 3 APs send their results to all corresponding
3 APs. It can be seen that the fundamental bound in Theorem 1
r = k(s1+1)(s2+1)/

∑L
i=1 fi = 32 ·4 ·3/32 = 8 is achieved.

B. Proof of Proposition 1

Take an axis parallel to the y-axis that contains cells located
in the center of the row (see Fig. 5). It is easy to see then that

if we apply Algorithm 1, the largest index difference between
cells becomes max

b
|Tb|. Hence from N(i) in (17), if s2 ≥

max
b

|Tb|, we can always find a valid cell indexing solution

since it allows each node to share data partitions with cell
index difference less than max

b
|Tb|. With a visual inspection

of Fig. 5, we have

|Tb| =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1 + 3b, b ≤ α − 1
2

, b | 2,

3b, b ≤ α − 1
2

, b � 2,

α,
α − 1

2
< b < β

(20)

which leads to max
b

|Tb| = 3α−1
2 if α−1

2 | 2, max
b

|Tb| = 3α−3
2

otherwise. Hence if s2 ≥ 3α
2 , i.e., s2

L ≥ 3
2β , we can always

find a valid cell indexing solution by Algorithm 1.

C. Proof of Lemma 1

For L = 3, there exist three straggling AP scenarios
described as follows.

Case 1 (s2 = 0): Since this case does not consider any
straggling APs, the overall dataset is uniformly divided into L
cells without repetition. No data partitions are shared by the
cells, and there are no broadcasting nodes (v = 0) and each
AP is connected to n

L nodes (u = n
L ).
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Fig. 13. Generalization to more than two overlapping APs with n = k = 32, L = 4, s1 = 3, s2 = 2. Here, we have D̃1 := {D1, D2, . . . D8},
D̃2 := {D9, D10, . . . D16}, D̃3 := {D17, D18, . . . D24}, D̃4 := {D25, D26, . . . D32} and g̃1 := g1 + g2 + . . . + g8, g̃2 := g9 + g10 + . . . + g16,
g̃3 := g17 + g18 + . . . + g24, g̃4 := g25 + g26 + . . . + g32.

Fig. 14. The case for s2 = 1. Each cell shares u + v data partitions with both adjacent cells. Within each cell, there are u+2v
s1+1

types of data blocks which
are replicated s1 + 1 times.

Case 2 (s2 = 1): Define g̃i :=
∑(u+v)i

j=(u+v)(i−1)+1 gi for all
i ∈ {1, 2, 3}. Then, based on Q constructed by Algorithm 1,
we can always write

q1G = α1,1

u+v∑
i=1

gi+α1,2

2(u+v)∑
i=u+v+1

gi =α1,1g̃1+α2,1g̃2 (21)

q2G = α2,1

2(u+v)∑
i=u+v+1

gi+α2,2

3(u+v)∑
i=2(u+v)+1

gi =α2,1g̃2+α2,2g̃3

(22)

q3G = α3,1

3(u+v)∑
i=2(u+v)+1

gi+α3,2

u+v∑
i=1

gi =α3,1g̃3+α3,2g̃1

(23)

where αi,j is the [(u + v)(j − 1) + 1]-th element of vector
qi for all i ∈ {1, 2, 3}, j ∈ {1, 2}. This indicates that each
cell shares one half of its allocated data partitions with one
adjacent cell and the other half with another adjacent cell (see
Fig. 14). Now we prove both directions:

(i) Suppose there exists a scheme achieving the lower bound
on redundancy with only one round of gradient computation
(with computational load (u+v)(s1+1)(s2+1)

u+2v ) and one round
of communication (by broadcasting) for the nodes in the

overlapping area. Since all the non-zero elements of {B(i)}
are one, only one round of communication is required if one
round of computation is possible. Hence, it is enough to focus
on one round of computation for the proof.

By applying fractional repetition codes as the inner code,
there exist u+2v

s1+1 different types of data blocks in each cell,

where each data block contains (u+v)(s1+1)(s2+1)
u+2v different

data partitions (see Fig. 14). By a fractional repetition code,
each data block is replicated s1 + 1 times in each cell.
Hence, 
 v

s1+1� is the minimum number of data block types
that should be allocated in each overlapping area. This
leads to:

(u + v)(s1 + 1)(s2 + 1)
u + 2v

⌈ v

s1 + 1
⌉

︸ ︷︷ ︸
Minimum number of data partition types in each overlapping area

(24)

≤ (u + v)s2︸ ︷︷ ︸
Number of types of data partitions shared by each adjacent cell

(25)

(u + v)(s1 + 1)(s2 + 1)
u + 2v

⌈ v

s1 + 1
⌉

(26)

≤ 1
2
(u + v)(s2 + 1)︸ ︷︷ ︸

one half of data partition types in a cell

. (27)
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Equation (24) comes from the fact that the minimum number
of types of data partitions in each overlapping area should not
exceed the number of types of data partitions that are shared
by two APs. It should also not exceed one half of the data
partition types in a cell, which is given by the right hand
side of (26). If not, it is not possible to assign data blocks in
another overlapping area which also requires more than one
half of data partitions in the cell. For s2 ≥ 1, combining these
two leads to u ≥ 2

(⌈
v

s1+1

⌉
(s1 + 1) − v

)
.

(ii) Suppose u ≥ 2
(
 v

s1+1�(s1 + 1)− v
)
. We prove that we

can always construct a fractional repetition scheme achieving
the lower bound on redundancy with only one computation
round in the overlapping area. We first divide the overall
data partitions into blocks and allocate them to each cell as
in Fig. 14. Note that (u+v)(s1+1)(s2+1)

u+2v divides (u+v)(s2+1),
with quotient u+2v

s1+1 . Hence, we can write

(u + v)(s2 + 1) =
(u + v)(s1 + 1)(s2 + 1)

u + 2v
α (28)

where α is an integer. Now we observe how many types of
data blocks can be shared by the cells. If (u+v)(s1+1)(s2+1)

u+2v

divides (u + v), the number of types becomes u+2v
(s1+1)(s2+1) .

If not, we can write

u + v =
(u + v)(s1 + 1)(s2 + 1)

u + 2v
α′ + γ, (29)

where α′ is the quotient and γ is the remainder. By combin-
ing (28) and (29) we have

α − (s2 + 1)α′ =
(s2 + 1)γ

(u+v)(s1+1)(s2+1)
u+2v

. (30)

Since the left hand side is an integer, the right hand
side should also be an integer. Note that (s2 + 1)γ <

(s2 + 1) (u+v)(s1+1)(s2+1)
u+2v since γ < (u+v)(s1+1)(s2+1)

u+2v .

This leads to (s2+1)γ
(u+v)(s1+1)(s2+1)

u+2v

< s2 + 1. If s2 = 1,

we have 2γ
(u+v)(s1+1)(s2+1)

u+2v

< 2, which indicates γ =
1
2

(u+v)(s1+1)(s2+1)
u+2v . Therefore, if (u+v)(s1+1)(s2+1)

u+2v does not
divide (u + v)(s2 + 1), the remainder’s size is always one
half of the block size as can be seen in Fig. 14. This always
guarantees the construction of u+2v

s1+1 data blocks in each cell
as in Fig. 14. Since u ≥ 2

(
 v
s1+1�(s1+1)−v

)
, which satisfies

both (24) and (26), we can always allocate 
 v
s1+1� types of

data blocks in the overlapping area. After allocating the blocks
in the overlapping area, the remaining blocks can be allocated
to u nodes in the cell. It can be seen that this construction
always guarantees redundancy of (u+v)(s1+1)(s2+1)

u+2v for all
nodes. Moreover, since the nodes in the overlapping areas are
given the same encoded vectors from both APs, the proposed
code guarantees a single computation round as well as a single
communication round at all nodes.

Case 3 (s2 = 2): Since all the gradients should be recovered
with only one AP, the overall data partitions are replicated and
assigned to each AP. The overall data partitions (u + v)L is
grouped into u+2v

s1+1 different types of data blocks, where each

data block contains (u+v)(s1+1)L
u+2v data partitions. Since s2 +

1 = 3 = L, (u+v)(s1+1)(s2+1)
u+2v data partitions are in each block.

Fig. 15. Basic idea for proof of Theorem 2 with s2 = 1. When data block
A is allocated tA times in the overlapping area between cell 1 and cell 3, it is
allocated s1 − t1 +1 times in each non-overlapping area in cell 1 and cell 3.
Recovery threshold is minimized when we properly design tA, tB , tC . . . to
minimize the maximum of {tA, tB , tC . . .}, i.e., allocate each data block as
uniformly as possible.

Moreover, since all cells share all the blocks, we can always
construct the codes achieving both lower bound on redundancy
and one round of computation and communication by filling
each overlapping area one by one. Hence, no conditions on
u,v are required.

D. Proof of Theorem 2

Case 1 (s2 = 0): Since no data partitions are shared by the
cells, there are no broadcasting nodes (v = 0) and each AP
is connected to n

L nodes (u = n
L ).

Case 2 (s2 = 1): Our basic idea is illustrated in Fig. 15.
Since {B(i)} are based on fractional repetition codes, if data
block A in Fig. 15 is allocated tA times in the overlapping area
between cell 1 and cell 3, it should be also allocated s1−tA+1
times in each non-overlapping area of both cells. Note that data
block A is not allocated in cell 2 since s2 = 1 (see Fig. 14).
We use the definition of T in the main paper, containing the
number of each data block in the the overlapping areas, as
T = {tA, tB, tC , . . .}. Note that if t ∈ T , t > 0.

Consider an arbitrary data block that is located in the
overlapping area t times, t ∈ T . Consider the case where all
nodes except the nodes having that specific block are finished.
We can see that PS cannot have the exact

∑k
i=1 gi, since the

computation of only one cell is completed. For example, if we
select data block A not to be finished, we have t = tA and
computation at cell 1 and cell 3 are not completed. After one
more node finishes its work, PS can obtain the exact sum of
gradients. The number of nodes that is finished can be written
as Kt = n− [2(s1 − t + 1) + t] + 1 = n− 2s1 + t− 1 which
is an increasing function of t. When the set T is given, it can
be easily seen that recovery threshold K becomes

K = max
t∈T

Kt. (31)

Now the minimum recovery threshold K∗ can be written as
follows:

K∗ = min
T

max
t∈T

n − 2s1 + t − 1 (32)
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Fig. 16. Basic idea for proof of Theorem 2 with s2 = 2.

Since n−2s1 + t−1 is an increasing function of t, minimum
recovery threshold is obtained when the maximum element of
T is minimized. More specifically, we would like to construct
T ∗ such that

T ∗ = argminT tmax (33)

where tmax is the maximum element of a given T . Hence,
it is enough to allocate each data block as uniformly as
possible within each overlapping area, which exactly stage 3 in
Algorithm 2 does.

Case 3 (s2 = 2): For this case, since all the cells share the
whole data partitions, a specific data block can be located in
any area (see Fig. 16). Similar to the case s2 = 1, we define
a set T having the number of each data block located in the
overlapping area. From Fig. 16, we have T = {t1+t2+t3, . . .}.
Then consider an arbitrary data block corresponding to t ∈ T ,
where t = t1 + t2 + t3 is the number of that specific data
block located in the overlapping areas (see Fig. 16). Consider
the case where all nodes except for the nodes having that
specific block are finished. The overall computation is still not
finished, since none of the cells are finished. After one more
node finishes, PS can guarantee the exact sum of gradients.
Now the number of nodes that is finished becomes Kt =
n− [(s1 − t1 − t2 + 1) + (s1 − t2 − t3 + 1) + (s1 − t3 − t1 +
1)+t1+t2+t3]+1 = n−3s1+(t1+t2+t3)−2 = n−3s1+t−2.
When the set T is given, it can be easily seen that recovery
threshold K becomes

K = max
t∈T

Kt. (34)

The minimum recovery threshold K∗ becomes

K∗ = min
T

max
t∈T

n − 3s1 + t − 2, (35)

which is again an increasing function of t. We can achieve K∗

by minimizing the maximum element of T . This means that
we should allocate the data blocks as uniformly as possible
across the overlapping areas. For example, if we allocated a
specific data block A in any of the overlapping area, the next
data block that is allocated to the overlapping areas should not
be data block A. This completes the proof.

E. Proof of Lemma 3

Note that work for each cell is finished when u + 2v − s1

out of u + 2v nodes finish its work.
Case 1 (s2 = 1): Each iteration is finished when two out

of three cells successfully transmit the result to PS. We first
consider the case where v > s1. Then, the iteration is not
finished even when n − s1 − 1 nodes are finished except for
the s1 + 1 nodes in a single overlapping area. After one of
them is completed, the recovery threshold is achieved. Hence,

K = n − s1. (36)

Now consider the case v ≤ s1. Denote the three cells as
cell A, cell B and cell C. We first select u nodes in the
non-overlapping area of a specific cell A. Then we alternately
select nodes from the overlapping area between cell A, B
and the overlapping area between cell A, C. If u + 2v − s1

nodes are selected from cell B or C, we stop selecting
and count the number of selected nodes which becomes the
recovery threshold. If all the nodes in the corresponding
overlapping areas are selected but the condition is not satisfied,
we alternately select nodes in the non-overlapping areas in cell
B and C. Again if u + 2v − s1 nodes are selected from cell
B or C, we stop selecting and count the number of nodes.
Hence, the recovery threshold is written as u + 2x− 1 where
x = u + 2v − s1. Hence, we have

K = 3(u + v) + v − 2s1 − 1 = n + v − 2s1 − 1. (37)

Case 2 (s2 = 2): For this case, each iteration is finished if
only one cell is successfully finished. We first consider the
case s1 ≥ 2v. Then, we alternately select the nodes in the
non-overlapping areas for each cell. If u + 2v − s1 nodes are
selected from a single cell, the recovery threshold is achieved.
Therefore, the recovery threshold becomes

K = 3(u + 2v − s1 − 1) + 1 (38)

= 3(u + v) + 3v − 3s1 − 2 (39)

= n + 3v − 3s1 − 2. (40)

Now we consider s1 < 2v. We first select u nodes from
each cell in the non-overlapping areas. By alternately selecting
the nodes in each overlapping area, the recovery threshold is
achieved if u + 2v − s1 nodes are selected from any single
cell.

(i) s1|2: K becomes 3u + 3x − 1 where 2x = 2v − s1.
Hence, we have

K = 3u + 3
(2v − s1

2

)
− 1 = n − 3

2
s1 − 1 (41)

(ii) s1 � 2: K becomes 3u+3x−2 where 2x−1 = 2v−s1.
Then, we have

K = 3u + 3
(2v − s1 + 1

2

)
− 2 = n − 3

2
s1 − 1

2
(42)
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